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COUPLING OF GAUSSIAN FREE FIELD WITH GENERAL SLIT SLE 


ALEXEY TOCHIN AND ALEXANDER VASIL’EV 

Abstract. We consider a coupling of the Gaussian free field with slit holomorphic 
stochastic flows, called {S, ct)-SLE, which contains known SLE processes (chordal, radial, 
and dipolar) as particular cases. In physical terms, we study a free boundary conformal 
field theory with one scalar bosonic field, where Green’s function is assumed to have 
some general regular harmonic part. We establish which of these models allow coupling 
with ((5, (t)-SLE, or equivalently, when the correlation functions induce local (<5, cr)-SLE 
martingales (martingale observables). 
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1. Introduction 

1.1. Simple example of coupling. The paper is focused on the coupling of the Gauss¬ 
ian free held (GFF) with the (5, (t)-SLE, and studies in detail some special cases. Let 
us explain briehy the case of the chordal SLE4 and its coupling with the Gaussian free 
held subject to the Dirichlet boundary conditions, see HE] and [2S| for details. We review 
some known generalizations, and then, explain the main results of the paper. 

Let Gt : H \Kt —)■ IHI be a conformal map from a subset HI \Kt of the upper half-plane 
HI := {z G C : Imz > 0} onto HI dehned by the initial value problem for the stochastic 
diherential equation 

(1.1) Gt{z) =-———-dt — Bt, Go(z) = z, t>0, a > 0, 

Gt{z) 

where d^*° denotes the ltd diherential and Bt stands for the standard Brownian motion 
(we avoid writing o for the Stratonovich integral because of possible confuse with superpo¬ 
sition used at the same time, so we explicitly write d® or d^*°). This initial value problem 
is known as the chordal SLE whose solution Gt is a random conformal map which dehnes 
a strictly growing random set Kt := IHI\GL^(EI), called the SLE hull, (iF* C Kg, s > t) 
bounded almost surely. In particular, it is a random simple curve for a < 4 that gener- 
ically tends to inhnity as t^oo. It turns out that the random law dehned this way is 
related to various problems of mathematical physics. 

It is straightforward to check that the following random processes are focal martingales 
for A = 4 

Mit{z) :=a.TgGt{z), 

M2t{z,w) := - log — S=^ + argGt(z) aigGt{w), 

\Gt{z) - Gt{w)\ 

Mj,t{z,w,u) := - log argGf(M) + ^igGt{z) ^igGt{w) ^igGt{u) + 

\Gt{z) - Ghw)| 

+{z GA tc GA m}. 


for G HI until a stopping time which is geometrically dehned by the fact that 

Kt touches 2 ; for the hrst time, i.e. Gt{z) is no longer dehned for t > t^. The Wick 
pairing structure can be recognized in this collection of martingales. It appears in higher 
moments of multivariant Gaussian distributions as well as in the correlation functions 
in the free quantum held theory. We consider the Gaussian free field (GFF) 4) which 
is a random real-valued functional over smooth functions in HI. Let us use the heuristic 
notation ‘<I>(^)’ {z G HI) until a rigorous dehnition is given in Section I^ITl 
For some special choice of GFF the moments are 


^i(;.) :=E[<I>(z)] 
S2{z,w) := E[<I)(^)<I)(w)] 

S3{z,w,u) := E [<I>(^)$(w)<!)(«)] 


= argz, 

\z — w\ 

= ~ fog 1 -=r + ^^g ^ ^^g 

\z — w\ 

, \z - w\ , 

= “ fog 1- ^^g + ^^g ^ ^^g ^^g u + {z W U 

z — w\ 


Roughly speaking, $( 2 ;) is a Gaussian random variable for each 2 ; with the expectation 
S'i(z) proportional to argz, and with the covariance — log j^~Tj . It can be shown that the 
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stochastic processes 

( 1 . 2 ) Mnf. := Sn{Gt{Zi), Gt{z2), ■ ■ ■ Gt{Zn)) 


are martingales for all n = 1 , 2 ,... . 

This fact is closely related to the observation that the random variable <h(Gt( 2 :)) agrees 
in law with $( 2 ;), where <h and Gt are sampled independently. It was also obtained, see 
| 2 dj . that the properly dehned zero-level line of the random distribution $( 2 ;) starting at 
the origin in the vertical direction agrees in law with SLE4. 

This connection, i.e., coupling, can be generalized for an arbitrary k > 0, see [22] ■ In 
order to explain its geometric meaning let us associate another held J{z) of unit vectors 
\J{z)\= 1 with <I)( 2 ;) by 

J(z) := 


for some y > 0. A unit vector held J transforms from a domain D to D \ K according 
to the rule 


J{z) —)■ J{z) 


G'(z) 

\ G'(z) 


J(G(z)), 


where G is the conformal map G : D\K -}■ D (the coordinate transformation). Thereby, 
<h(^) transforms as 


(1.3) 


<I)( 2 :) —>• <I)(z) = <I)(G( 2 ;)) — X arg G'(z). 


The coupling for k > 0 is the agreement in law of <I>(Gi( 2 ;)) — xargG'(z) with $(^), where 


(1.4) 


2 ydt 

■\/k 2 


Besides, the how line of J{z) starting at the origin agrees in law with the SLE^ curve. 

The statement above can be extended from the chordal equation fll.ll) to the radial 
equation, see mm, or to the dipolar one, see [siEniEi, see also [IB| for the SLE-(k,p) 
case. 

In [ISl[I5|, we considered slit holomorphic stochastic hows, called in this paper {6,a)- 
SLE, which contain all the above mentioned SLEs as special cases except SLE-{k, p). In 
the present paper, we consider a general case of the coupling of (5, cr)-SLE with GEE. 
In particular, we study the known cases of the couplings in a systematic way as well as 
consider some new ones. 

There is also another type of coupling described in for the chordal case. The 
usual forward Lowner equation is replaced by its reverse version with the opposite sign 
at the drift term proportional to dt in fll.ll) . The corresponding solution is a conformal 
map Gt : H—)■ ]H[\A't, and <h( 2 ;) agrees in law with <I)(Gt( 2 ;)) -|-7 log|G(( 2 ;)| for some real 
K-dependent constant 7 . 

In addition to the coupling, there are also interesting connections to other aspects of 
conformal held theory such as the highest weight representations of the Virasoro algebra 
|3|, and the vertex algebra [IB]. On the other hand, the crossing probabilities, such 
as touching the real line by an SLE curve, are connected with the GET stress tensor 
correlation functions, see mm- Both of these directions, as well as the reverse coupling, 
exceed the scope of this paper. 


1.2. (5, (t)-SLE overview. The (5, (t)-SLE is a unihcation of the well-known chordal, 
radial, and dipolar stochastic Lowner equations described hrst in 1131. We will give a 
rigorous dehnition in Section [21 and will use a simplihed version in Introduction. Let 
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D C C is a simply connected hyperbolic domain. A (5, (t)-SLE or a slit holomorphic 
stochastic flow is the solution to the stochastic differential equation 

(1.5) Gflz) = 6{Gt{z))dt + a{Gt{z)) Bt, Go{z) = z, zeD, t>0, 

where Bt is the standard Brownian motion, cr: D —)• C and 6: D are some fixed holo¬ 
morphic vector helds defined in such a way that the solution Gt is always a conformal map 
Gt-D \Kt^D for some random curve-generated subset Kt. The differential d® is the 
Stratonovich differential, which is more convenient in our setup than the more frequently 
used Ito differential d^*°, see for example [S|. The same equation in the Ito form is 

d^^^Gflz) = (siGflz)) + ^a'iGflz))aiGflz))^ dt + a{Gflz)) d^^^ B^, 

Go{z) = z, t>0, 

see Appendix [B] for details. Equation fll.bp can be easily reformulated for any other 
domain D (Z C using the transition function t\ D ^ D. Define Gt '■= o Gt o t. The 
equation for Gt is of the same form as fll.5p . but with new helds 6 and a dehned as 

^(5) = ^^5(r(5)), d(z) = -^a(T(z)). 

T[Z) 

The general form of 6{z) and a{z) for D = H (the upper half-plane) is 

^H(^) ^ ^ ^^^2^ 

a^{z) = a-i + aoz + aiz'^, 

<^-i) ^05 CT-i) <^05 CT-i 0, 5-2 > 0. 

The values of 6 and a for the classical SLEs (in the upper half-plane) are summarized in 
the following table. 


SLE type 

F(i) 


Chordal 

2/z 


Radial 

l/{2z) + zl2 

-i/a(1 -1- z^)/2 

Dipoloar 

1/(2^) - zl2 

- z^)/2 

ABB SLE, see [S] 

1/(2j) 

— \/a(1 + z^')/2 


We use the half-plane formulation in this table just for simplicity. In order to obtain 
the commonly used form of the radial equation in the unit disk one applies the transition 
map 

1 — z 

(1-8) 'Tw,Ji{.z) \= i ———, : D H, 

L Z 

for the unit disk D := {z e C: |z|< 1}. For more details, see Example [2] and Section IT751 
The same procedure with the transition map 

(1.9) Tm,s{z) = th-, 0e^§ : J-EI, 

for the strip S := {z G C : 0 < Imz < fi}, gives the common form for the dipolar SEE, 
see also Section 021 

It was shown in [T3], that the choice of 5 and a given by fll.71) guarantees that the 
random set Kt is curve-generated similarly to the standard known SLE-. Moreover, Kt 
has the same local behaviour (the fractal dimension, dilute phases, and etc.). 

The main difference between the classical SLEs and the case of the general {6, cr)-SLE 
is the absence of hxed normalization points, in general, e.g., in the classical cases the 
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solution Gt to the radial SLE equation always fixes an interior point (0 in the unit disk 
formulation), the dipolar SLE preserves two boundary points (—cx) and +cx) in the strip 
coordinates §), the chordal equation is normalized at the boundary point at infinity in 
the half-plane formulation. The chordal case can be considered as the limiting case of 
the dipolar one as both fixed boundary points collide, or the limiting case of the radial 
equation when the fixed interior point approaches the boundary. In the general case of 
{6, cr)-SLE, there is no such a simple normalization. Numerical experiments show that the 
curve (or the curve-generated hull for k > 4) Kf tends to a random point inside the disk 
as t —)■ CX). A version of the domain Markov property still holds due to an autonomous 
form of equation fll.61) . 


1.3. Overview and purpose of this paper. We consider the general form of 2-dimensional 
GEE $ with some expectation 

r]{z) :=E[<h(z)], 

and the covariance 


r(^, w) := E [<l>( 2 )<h(w)] - E E [$(«;)] . 

We postulate that r(z,tc) is symmetric fundamental solution to the Laplace equation, 

A^r(^, w) = 27r6{z,w), T{z,w) = T{w,z), 


but imposing no boundary conditions. In other words, r( 2 ;,w) has the from 


r(^,w) 


1 

2 


log 1 2 ; — w| -|- symmetric harmonic function of z and w. 


We address the following question: which of so defined GEE can be coupled with some 
(5, cr)-SLE in the sense that <I)( 2 ;) and <h(Gt(^)) agree in law? In particular, we show 
(Theorem [T]) that this is possible if and only if the following system of partial differential 
equation is satisfied 


(^Cs+l Cl) r]{z) = 0, 

(1-10) CsT{z,w) + Car]{z) Car]{w) = 0, 

CaT{z,w) = 0 , 


where, following lEI, we understand under C a generalized version of the Lie derivatives 
defined by 

C^T]{z) := v{z) d^+v{z) dg-l-xlmv^ (z), 
r(2;, w) := v{z) dz -\-v{z) +v{w) +v{w) d^,. 

Here, v = 6 or v = a and y refers to the SLE parameter k by fll.4l) . These equations 
generalize the corresponding relation from [2H], see the table on page 45, and they are 
versions of (M-cond’) and (G-cond’) from [TB]. The second equation in fll.lOl) is known 
as a version of Hadamard’s variation formula, and the third states that the covariance 
T must be invariant with respect to the Mobius automorphisms generated by the vector 
field a. 

The paper is a continuation and extension of Ba and is organized as follows. The rest 
of Introduction provides some remarks about the relations between equations fll.lOl) and 
the BPZ equation considered first in [B]. In Section [21 we give all necessary definitions for 
(5, ct)-SLE as well as a very basic definitions and properties of GEE that we will need in 
what follows. Further, in Section [21 we prove the coupling Theorem [H It states that for 
any (5, cr)-SLE a proper pushforward of Sn denoted by (a generalisation of fll.21) 

with an additional y-term similar to (ll.3l) I is a local martingale if and only if the system 
fll.lOl) is satisfied for given 6, a, T, and rj. The same theorem also states that both: the 
local martingale property and the system of equations are equivalent to a local coupling 
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which is a weaker version of the coupling from [22] discussed above. We expect, but do 
not consider in this paper, that the local coupling leads to the same property of the flow 
lines of to agree in law with the (5, ct)-SLE curves. 

The general solution to the system fll.lOp gives all possible ways to couple (5, (t)-SLEs 
with the GEE at least in the frameworks of our assumptions of the pre-pre-Schwarzian 
behaviour of rj and of the scalar behaviour of T. 

In Section 01 we assume the simplest choice of the Dirichlet boundary conditions for 
r and study all (5, cr)-SLEs that can be coupled. It turns out that only the classical 
SLEs with drift are allowed plus some exceptional cases, see Sections 14.51 and 14.61 that 
dehne the same measure as for the chordal SEE up to time reparametrization Observe 
however, that the coupling with the classical SLEs with drift has not been considered in 
the literature so far. 

Further, in Sections El and El we assume less trivial choices of T and obtain that among 
all (5, ct)-SLEs only the dipolar and radial SLEs with k = 4 can be coupled. The hrst 
case was considered in PH. The second one requires a construction of a specihc ramihed 
GEE twisted, that changes its sign to the opposite while being turned once around some 
interior point in D. This construction was considered before and it is called the ‘twisted 
GET’ as we were informed by Nam-Gyu Kang, see |21j . 


1.4. Nature of coupling. One of the approaches to conformal held theory (GET) boils 
down to consideration of a probability measure in a space of function in D. The simplest 
choice is GEE. The chordal SLE/GFT correspondence is revealed in, for example, [S] and 
[TS] . Here, we extend this treatments to a (5, cr)-SLE/GFT correspondence. This section 
is less important for the general objective of the paper and is dedicated mostly to a reader 
with physical background. 

We consider a boundary GET (BGFT) dehned oin a domain D (Z C with one free scalar 
bosonic held $. One of the standard approach to dehne a quantum held theory is the 
heuristic functional integral formulation with the classical action /[$], see for instance, 
[7|. The following triple dehnition of the Schwinger functions S{zi, Z 2 , ■ ■ ■ Zn) manifests 
the relation between the probabilistic notations, functional integral formulation, and the 
operator approach. 


( 1 . 11 ) 


22, . . - 2„) :^E [<I>(2i)<I>(22) - - - <&(2„)] ^ 

=c-' J <h(zi)<h(z2)... 

=(|T[T(a)«l>(zi)«i>(z2)...<h(;^n)] |), 

Zi^D, i = l,2,...n, n = l,2,. 


Here in the second term, ‘|)’ is the vacuum state, *h(z) the primary operator held, 4/ a 
certain operator held taken at a boundary point a & D, and T[...] is the time-ordering, 
which is often dropped in the physical literature, we refer to [2B] for details. The second 
string in fll.llj) contains a heuristic integral over some space of functions *h(^) on D, 
which corresponds to the operator ‘h(^). 

The hrst string in fll.lip is a mathematically precise formulation of the second one. 
The expectation E [...] can be understood as the Lebesgue integral over the space V\D) 
of linear functionals over smooth functions in D with compact support. The expression 
e-^['*’l2)<h can be in its turn understood as the diherential w.r.t. the measure. 

We emphasize here that the correlation functions are not completely dehned by the 
action /[<h] because one has to specify also the space of functions the integral is taken 
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over and the measure. For instance, the Euclidean free held action 

/[$] = ^ 

dehnes only the singular part of the 2-point correlation function, which is —(27r)“^ log|2;|. 
To illustrate the statement above let us consider the following example. Let the expecta¬ 
tion of <F be identically zero, 

= J = 0 , zeD. 

Depending on the choice of the space of functions T-L'^ 3 <h and of the measure on it, the 
2-point correlation function 

T{z,,Z2) = I <F(zi)<F(z2)e-^''*’'2)<F 

varies. For example in [THl [ISl EDI ED] , F was assumed to possess the Dirichlet boundary 
conditions, see fl2.d7l) . But in [T7|, F vanishes only on a part of the boundary and on the 
other part the boundary conditions are Neumann’s. In m, even more general boundary 
conditions were considered. 

In fact, under CFT one can understand a probability measure on the space of functions 
T-L'^ in D, which is just a version of V'{D). In the case of the free held, the Schwinger 
functions (equivalently, correlation functions or moments) Sn are of the form 

Si[zi] =v[zi], 

S 2 [zij 2 ] =r[/l,/ 2 ] +v[fl]v[f 2 \, 

/2, /s] =r[/l, f2]v[f3] + r[^3, Zi]r][f 2 ] + T[z 2 , ^3]h[/l] + V[fl]v[z2]v[f3], 

f 2 i fd,i /l] =r[^i, Z 2 ]T[z 3 , Z 4 \ + F[/i, / 3 ]F[/ 2 , f^] + F[/i, /4]F[2;2, Z3\ + 

+T[zi, Z2]r]{z3)v[zi] + ^zi, Z3]r][z2]r][z4] + F[^i, Z4]r][f2]v[z3\ + 

+r][zi]r][z2]v[z3]v[zA\, 


In this case, the measure is characterized by the space T-L'g equipped with certain topology, 
by the held expectation r]{z) = Si{z), and by Green’s function (covariance) F(z,t(;) = 
S 2 {z,w) - Si{z)Si{w). 

Assume now that 

(1.12) CSn(Zi,Z2,...,Zn)=0, U = 1, 2, . . . 

for some hrst order diherential operator C. Then, in the language of quantum held theory, 
the functions Sn are called ‘correlation functions’ and the relations fll.l2p can be called 
the Ward identities. This identities usually correspond to invariance of Sn with respect 
to some Lie group. For example, if 

OO 

(1.13) +^(a) 

i=l 

for a vector held a of the form fll.71) . then fll.121) is equivalent to 

Sn{zi,Z 2 ,... ,Zn) = Sn(H^l(7] (zi), H^la](z 2 ), ■ ■ ■ , iLja] (2;„)), S e R, 

where is a one parametric Lie group of Mobious automorphisms Ht[a\ : D ^ D 

induced by a: 

(1.14) 


dHt[a]{z) = a{Ht[a]{z))dt, z E D, t G R, Ho[a]{z) = z, 
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because 

(1.15) dSn{Hs[lj]{Zi),Hs[lj]{z2), . . . ,Hs[a]{Zn))\s^o = jCSn{Zi,Z2, . . . ,Zn)ds. 

The relations fl 1.121) with fll.151) are satisfied if and only if 
(a(^) +a{z) r]{z) = 0, 

(a{z) dz +o'{z) dz +a{w) +a{w) r(z, w) = 0. 

Consider now the vector field 6 in place of a. It is still holomorphic but generates a 
semigroup {Ht[a]}t£{-oo,o] of endomorphisms Gt '■ D D \'^t {it is some growing curve 
in D) instead of the group of automorphisms of D. Then the second identity in fll.lbl) 
does not hold because 

(5(z) dz dz +d{w) dza +S{w) djz) T{z, w) ^ 0. 

Geometrically this can be explained by the fact that Ht[5\ is not just a change of coordi¬ 
nates but also it necessarily shrinks the domain D. 

Let now Gt satisfy fll.51) . which is just a stochastic version of fll.ldp . where v{z)dt is 
replaced by 5{z)dt + a{z)d? Bf. The vector field 5 induces endomorphisms, a induces 
automorphisms, and the multiple of d® Bt can be understood as the white noise. Such 
a stochastic change of coordinates Gt in the infinitesimal form, according to the ltd 
formula, leads to the second order differential operator 6{z) dz+\{<j{z) dzY instead of 
the first order Lie derivative v{z) dz- 
The first two Ward identities become 

6{z) dz +-{o'{z) dzY -l- complex conjugate^ 7){z) = 0, 

dz +6{w) dw +- {(^{z) dz +<j{w) dwY + complex conjugate^ x 
X (r(2:, w) r]{z)r]{w)) = 0, 

which is equivalent to fl 1.101) if y = 0. Due to a version of the Ito formula we have 


s=0 


= (C+2^' 


Sn{Zlj Z2i • • • 1 Zn)dt -|- C,(j Sn{Z\., Z2y • • • ; d ~ Bt 


which is an analog to the relation fll.lhp . In other words, the system fll.lOl) represents 
the local martingale conditions. 

For the case 

(1.18) 6{z) = -, a{z) = —\/k, k > 0, z & D = M, 


the identities fll.171) is an analog to the BPZ equation (5.17) in [B]. The choice of fll.181) 
corresponds to the chordal SLE (see Example [T]) and it was considered first in [S] , and 
later in [TS]. In this paper, we assume that the field 6 is holomorphic, has a simple pole 
of positive residue at a boundary point a E d D, and tangent at the rest of the boundary. 


2. Preliminaries 

Each version of the Lowner equations and holomorphic flows are usually associated 
with a certain canonical domain D C C in the complex plane specifying fixed interior or 
boundary points, for example, in the case of the upper half-plane, the unit disk, etc. It 
is always possible to map these domains one to another if necessary. In this paper, we 
focus on conformally invariant properties, i.e., those which are not related to a specific 
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choice of the canonical domain. This can be achieved by considering a generic hyperbolic 
simply connected domain and conformally invariant strnctnres from the very beginning. 
It conld be also natural to go further and work with a simply connected hyperbolic 
Riemann surface T> (with the boundary dV). In what follows, "D is thought of as a 
generic domain with a well-defined boundary or a Riemann surface. 

We use mostly global chart maps -0: "D —C C from "D to a domain of the complex 
plane, writing -0 for a chart {D,‘ip) for simplicity. The charts ‘ipm : "D—j-H corresponding 
to the upper half-plane or 'ipo : D—)■© to the unit disk are related by fll.Sp . Another 
example is a multivalued map ijjj^ : "D —)■ H onto the upper half-plane related to by 
04.111) . A single-valued branch oi : T> ^ M. is not a global chart map. 


2.1. Vector fields and coordinate transform. Consider a holomorphic vector field v 
on P, which can be defined as a holomorphic section of the tangent bundle. We also can 
define it as a map 'ip v'^ from the set of all possible global chart maps -0 ; D —)■ to the 
set of holomorphic functions v'^ : —)■ C defined in the image of these maps := 

For the vector fields, the following coordinate change holds. For any xp :T> —¥ D^, 

(2.1) v^{z) = —r:='0 o'0“^, z & D. 

t'{z) 

We consider a conformal homeomorphism G : "D \ /C —> "D (inverse endomorphism) that 
in a given chart ip is given as 

■.= -ip o G o ■. \K^ ^ D^. 


A vector field in other words is a (—1, 0)-differential and the pushforward of a vector field 
Gp^ : i-A is defined by the rule 


( 2 . 2 ) 


Gp^v^iz) := v^°^{z) = - 


z = 


\G^)\z) 








thereby plays the role of r. 

It is easy to see that for any two given maps G and G as above 

Gp^Gp^ = [g-^oG-^)^, 

which motivates the upper index —1 in the definition of G*, because in this case we are 
working with a left module. 

The pushforward map G^^ also can be obtained as a map from the tangent space to 
V induced by G. We follow the way above because it can be generalized then to sections 
of tangent and cotangent spaces and their tensor products, see Section 12 .dl 

Let Vt and Vt be two holomorphic vector fields depending on time continuously such as 
the following differential equations has continuously differentiable solutions F) and in 
some time interval 


Ft = Vto Ft, 
Ft = Vto Ft. 


Then, we can conclude that 


A 

Yt 


{Ft o Ft) = (vt + FuFuVt) 


o Ft o Ft 




n-i 







10 


ALEXEY TOCHIN AND ALEXANDER VASIL’EV 


in the same t-interval and in the region of T> where Ft and Ft are defined. The latter 
relation can be reformulated in a fixed chart ip as 

2.2. {6, (t)-SLE basics. Here we repeat briefly some necessary material about the slit 
holomorphic stochastic flows SLE((5, a) considered first in the paper |T3] that we advice 
to follow for more details. 

A holomorphic vector field cr on "D is called complete if the solution Hs[a]^{z) of the 
initial valued problem 

(2.3) Hs[a]^iz) = a^iH,[af{z)), Ho[a]^iz) = z, z e 

is defined for s G (— cxo, cx)). The solution Hs[ijY’ '■ D'^ —t is a conformal automorphism 
of D'^ = ip{T>). Here and further on, we denote the partial derivative with respect to s 
as Hg := It is straightforward to see that the differential equation is of the same 

form in any chart ip. So it is reasonable to drop the index ip and variable z as follows 

(2.4) Hs[a] = a o Hg[a] , Hq [cr] = id. 

Let ipM be a chart map onto the upper half-plane = H. We denote X”® := if X 
is a vector field, a conformal map, or a pre-pre-Schwarzian form (defined below) on T>. 

A complete vector field a in the half-plane chart admits the form 

(2.5) a^{z) = a-i + aoz + aiz‘^, ^ G H, (j_i, cxo, ai G M. 

A vector field 6 is called antisemicomplicate if the initial valued problem 

Hg[6] = doHg[6p Lfo[5] =id. 

has a solution Ht[a], which is a conformal map Ht[a] : T> \]Ct —t T> for all t G [0, -|-cx)) for 
some family of subsets Ft C V. 

The linear space of all antisemicomplete fields is essentially bigger and infinite-dimensional, 
but we restrict ourselves to the from 

(2.6) 5^(^) =-h (5_i -1- 6qz -t- i^iz^, z G M, i, (fo) ^ *^—2 ^ 0, 

which guarantees that the set Ft is curve-generated, see [13]. The first term gives just a 
simple pole in the boundary at the origin with a positive residue. The sum of the last 
three terms is just a complete field. 

Let us consider first a continuously differentiable driving function function f 1 —>■ R 
for motivation. Then the solution Gt of the initial value problem 

(2.7) Gt = 5 o Gt + iit O' o Gt, Go = id, t > 0, 

is a family of conformal maps Gt ■ V\Ft^T>, where the family of subsets {Ft}t>o 
depends on the driving function u. To avoid the requirement of continuous differentiability 
we use the following method. 

Define a conformal map 

gt := o Gt, t>0. 

It satisfies the equation 

(2.8) gt = {Hu,[a]p^6) o gt, go = id, 

where is defined in (| 2 . 2 |) for G = Hutlo]. Reciprocally, (l2.7l) can be obtained 

from fl 2 . 8 l] . although fl 2 . 8 p is defined for a continuous function Ut, not necessary continu¬ 
ously differentiable. This motivates the following definition. 
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Definition 1. Let a and 6 be a complete and a semicomplete vector fields as in K2. 51) 
and and let Ut he a continuous function u : [0, cx)) —Then the solution gt to the 

initial value problem h2.(^) is called the (forward) general slit Lowner chain. Respectively, 
the map Gt is defined by 

Gt ■■= Hufa] o t > 0. 

The stochastic version of eqnation fl2.8p can be set up by introducing the Brownian 
measure on the set of driving functions, or equivalently, as follows. 


Definition 2. Let a and 6 be as in \2.5\) and \2.b\) ). and let Bt be the standard Brownian 
motion (the Wiener process). Then the solution to the stochastic differential equation 


(2.9) 


d® Gi = (5 o Gtdt + cr o Gi d® Bt, Go = id, t > 0 


(2.10) d^*° Gfiz) = o Gt{z)dt + o Gt{z) d^'° Bt, Gt{z) = z. 


(where is the Stratanowich differential) is called a slit holomorphic stochastic flow or 
(6, a)-SLE. 

In order to formulate fl2.9p in the Ito form we have to chose some chart 

1 

—( 

2 

see, for example, [HI Section 4.3] for the definition of the Stratanovich and Ito’s differ¬ 
entials and for the relations between them. A disadvantage of Ito’s form is that the 
coefficient at dt transforms from chart to chart in a complicated way. 

Example 1. Chordal Lowner equation. 

Let us show how the construction fl2.7112.1(ip works in the case of the chordal Lowner 
equation. Define 

^ a®( 2 ;) = - 1 , 


r(z) = 

in the half-plane chart. Then L[[o]s can be found from equation 

Hs[af{z) = -l, Ho[af{z) = z, e H, 

Hs[a]^{z) = z — s z eM. 

The equation for gt becomes 


as 


Qt - Ut 

and it is known as the chordal Lowner equation. 
For a differentiable Ut we can write 

2 


Gt (^) 


-Ut 


The stochastic version in the Stratonovich form can be obtained by substituting Ut = 
y/LBt. 

(2.11) tPGf(z) = 73 ^* - 


G!*(; 


and it is of the same form in the Ito case in the half-plane chart because a^'{z) = 0, 

2 


d^^^Gfiz) = 


Gfiz) 


dt - 
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In other charts {cr^y {z) ^ 0, and the Stratonovich and ltd forms differ. The space Q[6, a] 
consists of endomorphisms that in the half-plane chart are normalized as 

Gf{z) = z + O . 

Example 2. Radial Leowner equation. 

Let i/’D : P—)-D be the chart map defined by fll.SI) . and let o The 

transition function re,B maps the point 1 in the unit disk chart to the point 0 in the 
half-plane chart, the point —1 to a point at infinity, and the point 0 to +i. Similarly to 
what we have done in the half-plane case, we define X® := X'^ and call it the unit disk 
chart. 

Let 

(2.12) , cr®(z) = —iz, 

Z X 

that corresponds to 

(2.13) = + = 

in the half-plane chart. 

The equation for Hs[a\ in the unit disk chart becomes 

Hs[<^f{z) = -iHslaf’iz), Ho[af{z) = z, z e D. 


The solution takes the form 


and 


Hs[af{z) = e 


Gf{z) = -G?( 2 )^h£^ _ 


Thus, the equation for gt becomes 

. TTtl / N / 1 


9t [z) = 


HuAa] 


Gf{z)-1 


° 9t [z) = 




o — lUt 


or 


Its stochastic version in the Stratanovich form is 

Gf{z) + 1 


(2.14) 


d^Gfiz) = Gfiz) 


Gf{z) 


dt - i^Gf{z)d^Bt. 


or in the half-plane chart 

1 


d^GT(z) = 




l + (Gf(z))') d^Bt. 


The collection G[6,a] consists of maps that in the unit disk chart are normalized by 

(^“( 0 ) = 0 . 
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It turns out that some different combinations of 6 and a induce measures that can be 
transformed one to another in a simple way. For example, let m : "D —)■ D be a Mobius 
automorphism fixing a point a & dT> where 5 has a pole. Then 

(2.15) 5— a^m^a 

are also vector fields of the form 02.51) and 02.61) . For instance, let 5 and a be as in 
Example [21 and let m® : D —)■ D map the center point 0 of the unit disk to another point 
inside it. Then we come to an equation defined by and m^cr, which is still in fact, 
the radial equation written in different coordinates. 

Another example of such a transformation preserving the form 02 .5p and 02.61) can be 
constructed as follows. 

(2.16) 8\z)^c^6\z), a\z)^co^{z), t^c-H, c> 0. 

The solution is not changed as a random law, because cBtjfa and Bt agree in law. 

It is important to know which of the equations defined by the parameters 5_2, 5-i, 

^ 1 , cr_i, (Jo, and ag are ‘essentially different’. A systematic analysis of this question was 
presented in na. Without lost of generality we can restrict ourselves to the from 

(2.17) 6^{z) = - + 8-1 + 6 qz + Siz"^, o^{z) =+ agz + aiz^)^ k > 0. 
Transformations 02.16p and 

(2.18) 8^rcJ, a^Tc^a, r^{z) := ^—, cgM 

-L C/S’ 

preserve 02.171) and keep k unchanged. Thus, we can fix some 2 of 6 parameters in 02.17p . 
Besides, the transform 

8 —y 8 T —^ ^ 

^/k 

can be interpreted as an insertion of a drift to the Brownian measure. Thus, all 6 
parameters can be fixed by k (responsible for the fractal dimension of the slit), u (the 
drift), and some 2 parameters that set the equation type (for example, chordal, radial, 
and dipolar). 

Due to the autonomous form of the equation 02.7p the solution Gt possesses the follow¬ 
ing property. 

Proposition 1 f[T2]h Let ut-s '■= Ut — Us for some fixed s : t > s > 0, and let Gi he 
defined by 02.71) with the driving function Uf. Then 

Gt = Gt-s o Gs. 

In the the stochastic case the process {Gt}t>o, taking values in the space of inverse 
endomorphisms of T>, is a continuous homogeneous Markov process. In particular. 

Proposition 2 ([I3])- IfGt and Gg are two independently sampled (8, a)-SLE maps, then 
Gt o Gg has the same law as Gt+g- 

2.3. Pre-pre-Schwarzian. A collection of maps —)-C, each of which is given 

in a global chart map C C, is called a pre-pre-Schwarzian form of order 

/U, /i* G C if for any chart map 

(2.19) rj^{z) = rf^T^z)) + pi\ogT'{z) + pi*\ogf'{z), T = z E D, V'0,'0, 

for any chart map ip. If tj is defined for one chart map, then it is automatically defined 
for all chart maps. We borrowed the term ‘pre-pre-Schwarzian’ from [TH]. In [29], an 
analogous object is called ‘AC surface’. 
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Analogously to vector fields in Section 12.11 we define the pushforward of a pre-pre- 
Schwarzian by 

( 2 . 20 ) GfYiz) := = V^G^iz)) + /ilog (G^)' (;^) + pT log {G^)’ {z) 

We are interested in two special cases. The hrst one corresponds to /x = /i* = 7/2 G M, 
and 

( 2 . 21 ) G;^ 7 ^(z) = rf{G'^{z)) + 7 log 
The second one is /x = xx/2, p* = — w/2, X G K, and 

(2.22) GpriHz) = q*(G*(z)) - xargG*'( 2 ). 

In both cases rj can be chosen real in all charts. Moreover, if the pre-pre-Schwarzian is 
represented by a real-valued function it is one of two above forms in all charts. 

A (/i,/i*)-pre-pre-Schwarzian can be obtained from a vector held v by the relation 

(2.23) = —p\ogv'^{z) — p* \ogv'^{z). 

For two special cases above we have 

V = ~1 logl^^l 


G^\z) 


and 


T] = xargn, 

where we drop the upper index ip. 

In Section [531 we obtain the transformation rules 02 . 211 ) by taking logarithm of a (1,1)- 
differential. The second type of the real pre-pre-Schwarzian is connected to a sort of an 
imaginary analog of the metric. 

We can dehne the Lie derivative of X as 

C„X*(z)-.= -f-Hp[v],X*(z) , 

9 “ 1.0 

where X can be a pre-pre-Schwarzian, a vector held, or even an object with a more 
general transformation rule, see 02.3p for any two holomorphic vector helds v. If W is a 
holomorphic vector held tc, then 

(2.24) C^w'^ = [v,w]'^{z) := v'^{z)w'^'{z) — v'^'{z)w'^{z), 


see 02 . 21 ) . 

If A is a pre-pre-Schwarzian, then 

(2.25) =v^{z)d,7]^{z) d,7]^{z) + pv^'{z) + p*v^'{z). 

Here and further on, we use notations 

2 ( 90 : ^dy)' 2 \dx^^dy)' 

and f'{z) := dzf{z) for a holomorphic function /. 

li p = p* = 0, then 7 is called a scalar. It is remarkable that if 7 is a pre-pre-Schwarzian, 
then 7 is a scalar anyway, which is stated in the following lemma. 

Lemma 1. Let rj be a pre-pre-Schwarzian of order p,p*, let v be a holomorphic vector 
field, and let G be a conformal self-map. Then 

G:\C,,y)^{z) = {C,yfoG^{z) 


or in the infinitesimal form, 

(2.26) riY{z) = w'f’{z) dz{C^ ri)'^{z) -f w'l’{z) dz{C„ y^iz). 
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Proof. The straightforward calculations imply 

Gr(C,r,)*{z) = G:' = 

a. (p ° G^T) + alogG*'(z) + r logG*T)) + 

+ "*G*T)"* (’'* ° logG*T)) + 

^ V^o G^(z) , ^ O G^(z) 

+Pdz - ,,, , + u ^ ' = 

^ G^\z) ^ G'Pfz) 

='(,* o G*(2)(s y) o G*(z) + d. logG*'(j) + 0 + 

GF ( 2 ;) 

+yh o G'^{z){dr]'^) O G’^( 2 :) + 0 + ^ i 9 s logG’^'(z) + 

Gf (z) 


+^v^' o 




P- 


oG^{z)G^"{z) 


G^'i 


+ o G^(z) — p 


■yh o G'^{z)G^"(z) 


GP( 


= (v'f’dr]^)oG'f’{z)+ o G^ (z) + 

+ {v'^drf'^ o G^{z) + o G'^{z) = 

= a + ^^v^' + /i*^) o G’^(z) = 

= (£,77)^oG^(z) 


□ 


2.4. Test functions. We will dehne the Schwinger functions Sn and the Gaussian free 
held <h in terms of linear functionals over some space of smooth test functions dehned in 
what follows. 

Let PL^ be a linear space of real-valued smooth functions >-M in the domain 

D'^ := fjiV) C C with compact support equipped with the topology of homogeneous 
convergence of all derivatives on the corresponding compact, namely, the topology is 
generated by following collection of neighborhoods of the zero function 


U*K-= n {/W6C“(r>):supp/Cii'A|5”5”/*W 

n,m= 0 ,l 52 ,... 

£n,ra >0, U, TU = 0, 1, 2 . . . , 


< £ 


n,m’) 


zeK}, 


where K C D'^ is any compact subset of . 

We call f'^ G TPf the test functions and assume that they are (1,1)-differentials 

(2.27) f^{z) = r'{z)T'{z)f^{T{z)), r :=-0 o 


It is straightforward to check that any transition map r induces a homeomorphism be¬ 
tween PCf and PCf. Thereby, we will drop the index f) dX Pis, and consider the space Pig 
as a topological space of smooth (1, l)-differentials with compact support. 

The space Pig does not match all cases of coupling. For the couplings with radial SLE 
we use spaces Pig^i, and PC^i, dehned in corresponding Sections 14.31 and O Henceforth, we 
denote by PL any of those nuclear spaces Pig, Pig^b, or Pif^^ for shortness. An important 
property of TP is nuclearity, see [iniiisiEi] which is necessary and sufficient to admit the 
uniform Gaussian measure on the dual space Pi! (the GFF). 
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Constructing such a uniform Gaussian measure on a finite dimentional linear space is 
a trivial problem, however, it is not possible on an inhnite-dimentional Hilbert space. On 
the other hand, if a space % is nuclear as then the dual space l-L' admits a uniform 
Gaussian measure. A general recipy holds not only for Gaussian measures and is given 
by the following theorem. 

Proposition 3. (Bochner-Minols [TUI [T^ [T] ) 

Let % he a nuclear space, and let be a functional (non-linear). Then the 

following 3 conditions 

1. fi is positive definite 

W{Zi,Z2,...Zn} 'i{fl,f2,---fn} => ^ ZkZlfl[fk-fl]>0; 

l<k,l<n 

2. m = 1 ; 

3. pi is continuous 

are satisfied if and only if there exists a unique probability measure on (0$, P$) 

for 0$ = TC, with pi as a characteristic function 

(2.28) pi[f]:= J V/G P. 

4>eW' 

The corresponding a-algebra is generated by the cylinder sets 

{PgP'; P[/]gP}, V/gP, 'i Borel sets B of^ . 

The random law on P' is called uniform with respect to a bilinear functional P: P x P —)■ M 
if the characteristic function pi is of the form 

A[/] = /eP. 

We consider the class of bilinear functionals we work with in Section YIM. First, we study 
the linear and bilinear functionals over P^ and their transformation properties. 

2.5. Linear functionals and change of coordinates. In this section, we consider 
linear functionals over P^ and P that transform as pre-pre-Schwarzians. 

Let rj^ G Tff' be a linear functional over P^ for a given chart ^|J. The functional is 
called regular if there exists a locally integrable function p’^^z) such that 

3^[f] ■= f V'^{z)f^{z)l{dz), 

D'P 

where I is the Lebesgue measure on C. We use the brackets [•] for functionals and the 
parentheses (•) for corresponding functions (kernels). 

We assume that / transforms according to fl2.27p . If ri'^{z) is a scalar, then the number 
T]'^[f] G M does not depend on the choice of the chart pj. Indeed, for any choice of another 
chart p), we have 

V^[f] ■= J v'^iz)f^iz)lidz) = J T]^{T{z))f^{T{z))\T'{z)\H{dz) = 

Di’ D'i’ 

= f v'^{z)f'^{z)l{dz) = r]'^[f], 

D-^ 
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If r]^{z) is a pre-pre-Schwarzian, then 
V^[f] = f ri^{z)f{z)l{dz) = 


(2.29) 


D'l’ 

= J {v^i^iz)) + f^iogr'iz) + fi*\ogT'{z)) f^{T{z))\T'{z)\‘^l{dz) = 

D't’ 

= f (rf{z) - plogr"^'(z) - p*logr-i'(z)) f^{z)l{dz) = 

D'P 

=^’^[/] - / {f^^ogT-^'{z) + fi*\ogT-^'{z)) f^{z)l{dz) 
according to fl2.2()l) . 

If 7]'^ is not a regular pre-pre-Schwarzian but just a functional from l-L'g we can consider 
the last line of 02.291) as a dehnition of the transformation rule for ri[f] from a chart to 
a chart tjj. 

Let us denote by Ti'g the linear space of pre-pre-Schwarzians as above. Consider now 
the pushforward operation G~^ on (1, l)-differentials / dehned by 

:= \G^'iz)\" {G^iz)). 

The right-hand side is well-dehned only for ‘ijj{V\}C). Here we dehne only on a subset 
of 'Hs of test functions that are supported mV\}C = F~^{V). 

Dehne the pushforward operation by 

( 2 . 30 ) =y|G./l+ / {^\ogG*\z) + ^•\ogG*'(z)) f*{z)l{dz), 

supp/v- 

f eUs'. supp/c 

It can be understood as a pushforward F* : l-L'g —> space. 

Functionals over the space l-Ls are differentiable inhnitely many times. According to 
02.251) the Lie derivative is dehned by 

d 




s=0 


= - /] + J (^f^v'^'iz) -F fj.*vG{z)^ f^{z)l{dz), 


supp f* 


where 


Cvf*(z) = Ai/.-'M./* 


s=0 


=v'^{z) d;z f^iz) -f v'l’iz) ds f^iz) -f v'^'{z)f'^{z) + v^'{z)f'^{z). 

2.6. Fundamental solution to the Laplace-Beltrami equation. In this section, we 
consider linear continuous functionals with respect to each argument in T-Ls- An important 
example is the Dirac functional 

(2.31) S,[f,g]:= J f^{z)g^{z)^l{dz), f,geHs, 


P(c) 


X^{z) 
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where \{z)l{dz) is some measure on ^ which is absolutely continuous with respect 
to the Lebesgue measure l{dz). The Radon-Nikodym derivative X^{z) transforms as a 
(1, l)-differential: 

X^{z) = t'{z)t'{z)X^{t{z)), t ■.= Ip o 

It is easy to see that the right-hand side of fl2.dip does not depend on the choice of ^p. 
We call the functional regular if there exists a function B^{z, w) on 'ip^ x 'ip^ such that 

(2.32) B^[f,g]:= j J B'^{z,w)f^{z)g^w)l{dz)l{dw), f^geUs- 

i’i'D) ^(V) 

Let us use the same convention about the brackets and parentheses as for the linear 
functionals. We consider only scalar regular bilinear functionals and require the transfor¬ 
mation rules 

B'^{z,w) = B'^{t{z),t{w)), r = '0o'0“^, z,w^'pj{V). 

Thus, the right-hand side of 02.321) does not depend on the choice of the chart ip and we 
can drop the index ip in the left-hand side. 

The pushforward is dehned by 

(2.33) F,B^{z,w) = B^°^{z,w) := B^{(^F^y\z),[F^y\w)), z,w e Im(R)., 
which becomes 


F,B^[f,g] = B^°^[f,g] 


f,g eHs'-supp f C Im(F), 


for an arbitrary functional F, The same remarks remain true in this case as in the previous 
section for g. 

Dehne now the Lie derivative in the same way as before 


(2.34) 

C,B^iz,w) := ^^Hs[v];^B^{z,w) = 

s=0 

=v‘^{z) dz B'^{z, w) + v'^{z) dz B^{z, w) + v'^{w) dw B^{z, w) + v'^{w) du, B^{z, w). 


We remark that Cy B is also scalar in two variables. Functionals 6\ and B are both scalar 
and continious with respect to each variable. 

Dehne the Laplace-Beltrami operator Aa as 

AxiB^{z,w) := --^dzdzB^{z,w), 

where the lower index ‘1’ means that the operator acts only with respect to the hrst 
argument. 

Let a regular bilinear functional Fa be a solution to the equation 


(2.35) Ax,Tx[f,g] = 27r 6x[f,g], Tx[f,g] = Tx[g,f], f^geUs- 

The boundary conditions will be hxed later. This equation is conformally invariant in 
the sense that if F^(z,tc) is a solution on a chart ip, then 

rA(^(^),^(^)) = 

is a solution in the chart o ip. 

The solution T^{z,w) is a collection of smooth and harmonic functions on ip{T>) x 
ip{T>) \ {z X w: z = w} of general form 

Tf{z,w) = -^\og{z - w){z - w) + H^{z,w) , 


(2.36) 
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where w) is an arbitrary symmetric harmonic function with respect to each variable 

that is dehned by the boundary conditions and will be specihed in what follows. 

It is straightforward to verify that the function w) does not depend on the choice 
of A because the identity fl2.35|) in the integral form becomes 



y(D) y(n) 


4 

X^{z) 


w)f^{z)g'^{w)l{dz)l{dw) = 



i,(V) 




The change A —)■ A is equivalent to the change f^{z) drop the lower 

index A in Fa in what follows. The fundamental solutions to the Laplace equation are 
also known as Green’s functions (for the free held). 


Example 3. Dirichlet boundary conditions. Let us denote by T^ the solution T to 
02.351) satisfying the zero boundary conditions, namely, 


Then, T £, admits the form 


= 0, lim r®(^, tc) =0, tc G H. 


(2.37) 




iiogh^idh 

2 ^ {z-w){z 


w) 
w) ’ 


and possesses the property of symmetry with respect to all Mobious automorphisms 
H :V^V, 

= T^) 


or 


(2.38) 


CfjT£,{z,w) = 0 , V complete vector held a . 


Example 4. Combined Dirichlet-Neumann boundary conditions. Let T Djsf denote 
the solution to 02.351) satisfying the following boundary conditions in the strip chart 


lim 

2—>'C«ARez>0 


zeR 



= 0 , dyT%^{x+ iy,w) 
(z, w) = 0 , lim 

z-^-c/oA Re z<0 


= 0 , 

y=TT 

r|)Ar(^, w) 


X G M, 

= 0, tc G El. 


We consider this case in Section El and the exact form of T^^r is given by 05.ll) . It 
is not invariant with respect to all Mobious automorphisms but it is invariant if the 
automorphism preserves the points of change of the boundary conditions, which are ±cx) 
in the strip chart. 


We will consider another example (rtw,b) in Section E] 


2.7. Gaussian free field. 

Definition 3. Eor some nuclear space of smooth functions EL, let the linear functional rj 
and some Green’s functional T be given. Assume in Theoreml^ 

(2.39) /![/]:= exp (^-^r[/,/]+zr/[/]^, f E EL. 

Then the EL’-valued random variable <h is called the Gaussian free held (GFF). IFe will 
denote it by <I)('H, F, 77 ). 
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For convenience, we change the dehnition of the characteristic function from 02.281) to 

0[/];= I V/GP, 

1-eH' 

and 02.89P changes to 

(2.40) 0[/] = 

which is possible for the Gaussian measures. 

The expectation of a random variable X [<F] {X : "H' —)• C) is dehned as 

E[X]:= J X[4>]P'*’(d<F). 

<s>en'. 

An alternative and equivalent (see, for example [12]) dehnition of GFF can be formu¬ 
lated as follows: 

Definition 4. The Gaussian free held is a TL'-valued random variable, that is a map 
xG —)■ R (measurable on G and continuous linear on the nuclear space Ti), or a mea¬ 
surable map <F:G—J-P', such that Law[<F[f]] = N (^j[f], F[f, f]^^ , f G P, i.e., it possesses 
the properties 

EMf]]=v[f], 

E[mm] = nfj]+v[Mf], v/gp 

for Green’s bilinear positively defined functional F, and for a linear functional i]. 

The random variable $ introduced this way transforms from one chart to another 
according to the pre-pre-Schwarzian rule 

(2.41) <F’^[/] = <F^[/] - I (/ilogr-i'(z) +/iTogr-i'(z)) f{z)l{dz), r := o 

^(V) 

due to the corresponding property fl2.20p of p. 

The pushforward can also be dehned by 

= <F^[a/] + I + fi*\ogG^’{z)) f{z)l{dz), 

supp f'l’ 

f eUs'. supp/cG“^(P) 
as well as the Lie derivative becomes 

s=0 

= - /] + J {piv’^'iz) + f{z)l{dz), 

supp /V" 

Example 5. Let Ti := Tis, F := F^) (as in Example I2.87|) . and let r]'l’{z) := 0 in all charts 
{p. = fi* = 0). Then we call <F('Hs, F^, 0) the Gaussian free held with zero boundary 
condition. 

Example 6. Relax the previous example. Let rj'^ be a harmonic function in D'^ continu¬ 
ously extendable to the boundary d if the chart map "0 can be extended to d V. Then 
we call <F the Gaussian free held with the Dirichlet boundary condition. 
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We can define the Laplace-Beltrami operator over as well as the Lie derivative 
by 

(A,$)[( 7 ]:=<h[A,( 7 ], gen, 

where A^ on a (1, l)-differential is dehned by 

A;,/(z) := 
y > 

in any chart 'ip. If g is harmonic the identity 

E|(Aj<l>)|g]4.|A]4.|/J...J>|/„]] = 

(2-42) = ^ iA|g./JE[4[/il4[/J...4|/,_J4[/,+,].4|/„]] 

2 = 1 , 2 ,... ,n 

is satished. Thereby, one can write heuristically 


AA<h(^) = 0, supp /i U supp /s U ... U supp fn- 


It turns out that the characteristic functional 0 is also a derivation functional for the 
correlation functions. Dehne the variational derivative over some functional z/ as a map 
^:z/i-A-^z/tothe set of functionals by 




yf.gen. 


a=0 


If z/ is such that ulg + af] is an analytic function with respect to a for each / and g, 
like (p, it is straightforward to see that for each g, fi, f 2 ,... e n, 


C SS (5 \ 

[0] =0, n = l,2 ,.... 

Dehne the Schwinger functionals as 

(2.43) S„|/i, k,..., /„! := E |4>[/,]-I>[/2]... •!>[/„]] = (^^ ■ ■ ■ M 


where 0: —7 M is dehned in fl2.40p . 

The identity fl2.42p can be reformulated as 


E 


(A,<I.)|9]e»W 


('5Als,/l + >)Ai/l)7l/]. /,seW. 


2.8. The Schwinger functionals. In this section, we consider the Schwinger functionals 
dehned by fl2.43p and their derivation functional (p in detail. 

For any hnite collection {/i,/ 2 ,... ,/„} of functions from or the collection 
of random variables {<l>[/i], <I)[/ 2 ],... ,<!>[/„]} has the multivariate normal distribution. 
Thus, we have 

EIKl/Jsi/2]...«[/„]]= E nr[/i..Al. 

partitions k 

for g{z) = 0, where the sum is taken over all partitions of the set {1, 2 ... , n} into disjoint 
pairs {ik-,jk}- III particular, the expectation of the product of an odd number of helds is 
identically zero. For the general case pq ^ 0) the Schwinger functionals are 

s|/i./2...../„1:=e[<i.[/j«.[/2]...<i.|/„]]= nr|/...Ain’)[A]. 

partitions k I 
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where the sum is taken over all partitions of the set {1, 2 ... , n} into disjoint non-ordered 
pairs {ik)ik\) and non-ordered single elements {p}- In particular, 

Si[fi] =v[fi], 

S 2 [fl, f 2 ] =r[/l, / 2 ] + v[fl]v[f 2 ], 

Ssifl, f2, /s] =r[/l, /2]h[/3] + r[/3, fl]v[f2] + r[/2, hHh] + h[/l]h[^2]h[/3], 

^4[/i, /2, /3, /4] =r[/i, /2]r[/3, h] + r[A, /3]r[/2, h] + r[/i, /4]r[/2, /3]+ 

+r[/i, f2Hf3HM + r[/D f3]v[f2]v[f4 + r[/i, f4\v[f2]v[f3]+ 

+v[fi]v[f2]v[f3]v[h]- 

Such correlation functionals are called the Schwinger functionals. Their kernels 

^2i ■ ■ ■ ; ^n) 

are known as Schwinger functions or n-point functions. For regular functionals F and r], 
the Schwinger functions are also regular but it is still reasonable to understand Sn as a 
functional because the derivatives are not regular. For example, 

AxiSt{z, w) = 2n6x{z - w). 

The transformation rules for Sn (the behaviour under the action of G*) are quite 
complex. We present here only the inhnitesimal ones 


l<k<n 


- St-l[flj2,---fk-ljk+l,---fn-l] j ft{z)l{dz) 


l<k<n 


P(D) 


We prefer to work with the characteristic functional 0, rather than with Sn- For 
instance, for any inverse endomorphism G: "D \ /C —> "D, we can dehne the pushforward 
G“^:0(F,r7) i-A , F^rj) that maps the functionals on V to functionals on V\1C. 

Equivalently, 

(2.44) (G.-‘W'())l/]:=-^(G:'r.G:'r,)[/], /£«,[©] 

(we need to mark the dependence on the functionals F and on rj here). 

The Lie derivative over an arbitrary nonlinear functional p: 'Hg —t C can be also 
dehned as 

C^p[f] := {C^p)[f] = ^ (^I«H;V)[/] 


dt " ^ i=o 

(if the partial derivative w.r.t. a is well-dehned). 

For example, 

Cn exp (p[/]) = (£^ p[f]) exp (p[/]), 

>^^^exp (p[/]) = (£>[/] + {C^p[f]Y) exp (p[/]). 

In our case p[f] = 0[/] = exp(|F[/,/] -|- p[f]). We remind that the Lie derivative of p 
and F are dehned in fl2.25p and 02.341) respectively. 

The operations G~^ and ^ or G and ^ commute. Thus, for example, we have 

G. C, h |0]. 

We use this to deduce the martingale properties of Gf^,^Sn and of all their variational 
derivatives from the martingale property of GF^*0, which will be discussed in the next 
section. 
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3. Coupling between SLE and GFF 

Let be the probability space for GFF $ and let be the 

independent probability space for the Brownian motion {Bt}t£[o +oo), which governs some 
((5,a)-SLE {Gt}i6[o,+oo). In this section, we consider a conpling between these random 
laws. 

The pushforward of the GFF ^[f] is well-defined if snpp / G image[G^^]. In 

order to handle this, we introdnce a stopping time T[f], for which the hnll /C* of (h, ct)-SLE 
tonches some small neighborhood U (snpp /) of the snpport of / for the first time: 

(3.1) T[/] := snp{f > 0:/CtnF(supp/) = 0}, f e V.. 

The neighborhood F(supp /) can be dehned, for example, as the set of points from snpp / 
with the Poincare distance less than some £ > 0. Thus, T[f] > 0 a.s. We consider a 
stopped process {GtAT[/]}te[o,+oo)- This approach was also used in [TB]. The most im¬ 
portant property of the process <!)[/] }tg[o,+oo) is that it is a local martingale. A 

stopped local martingale is also a local martingale. That is why a stopping of {Gt}ig[o,+oo) 
does not change our results. However, we lose some information, which makes the propo¬ 
sition of coupling less substantial than one possibly expects. 

We present here two definitions of the coupling. The first one is similar to [2^1 [TB] . 

The second one is a weaker statement that we shall use in this paper. 

Definition 5. A GFF is called coupled to the forward or reverse {6,a)-SLE, 

driven by {Ht}tg[o,+oo )7 if the random variable ‘h'^[/] obtained by independent sam¬ 
pling of d) and Gt has the same law as for any test function f E F, chart map -0, 

and t G [0, -|-cxo). 

If the coupling holds for a fixed chart map and for any / G "H, then it also holds for 
any chart map fj, due to 02.411) . We also give a weaker version of the coupling statement 
that we plan to use here. To this end, we have to consider a stopped versions of the 
stochastic process {GtAr[/]}te[o,+oo)- 

A collection of stopping times {Tn}n=i, 2 ,... is called a fundamental sequence if 0 < T„ < 

Tn+i < oo, n = 1,2,... a.s., and lim Tn = oo a.s. 

n ^ CO 

A stochastic process {x 4 }tg[o,+oo) is called a local martingale if there exists a fundamen¬ 
tal sequence of stopping times {Tn}n=i, 2 ,..., such that the stopped process {x 4 AT„}te[o,+oo) 
is a martingale for each n = 1 , 2 ,.... 

Let now the statement of coupling above be valid only for the process {GtAT[f]AT„}t£[o,+oo) 
stopped by Tn for each n = 1, 2,.... Namely, d>'^[/] has the same law as <h'^[/] 

for each n = 1 , 2 ,.... 

We are ready now to dehne the local coupling. 

Definition 6. A GFF^ifH, T, r]) is called locally coupled to (5, a)-SLE, driven by {Bt}t£[o,+oo), 
if there exists a fundamental sequence {Tn[f,'ip]}n=i, 2 ,..., such that the random variable 
Gt/\T[f] obtained by independent sampling o/$ and Gt has the same law as <h'^[/] 

until the stopping time T„[/, fj] for each n = 1,2,..., for any test function / G "H, and a 
chart map fj. 

Remark 1. //T[/, i/;] = -|-cx) a.s. for each f eF, then the coupling is not local. 

The following theorem generalizes the result of [2B] . 

Theorem 1. The following three statements are equivalent: 

1. GFF ^{fF,V,vi) is locally coupled to {6,a)-SLE; 

‘^^[/] *'5 ® local martingale for f eF in any chaF 
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3. The system of the equations 


(3.2) 

^sv[f] + ^^lv[f] = o, fen. 

(3.3) 

^ 5 T[f,g] + G^ri[f]C^r][g] = 0 , f,gen. 

and 


(3.4) 

C^T[f,g] = 0, f,gen. 

is satisfied. 



We start the proof after some remarks. Just for clarity (but not for applications) 
we reformulate the system flJ.2m.4p directly in terms of partial derivatives using fl2.25p . 

(I22SD, (1231, and dil]) as 

6{z) dz r]{z) + 5{z) r]{z) + yL5'{z) + yi*6'{z) + 

+ dl7]{z) + d‘lr]{z) + a{z)a{z) d^r]+ 

+ ^a{z)a'{z) r]{z) + ^a{z)a'{z) r]{z) + fia{z)a''{z) + n*a{z)a"{z) = 0; 

6{z) dz T{z, w) + 6{w) dw T{z, w) + 6{z) T{z, w) + 5{w) 1 ( 2 :,«;)+ 

+ {a{z) dz r]{z) + a{z) dz r]{z) + iaa'{z) + iJ*a'{z)^ x 
X (cr(w) r]{w) + a{w) r]{w) + na'{w) + = 0; 

a{z) dzT{z, w) + a(w) r(x, w) + a{z) dz r(x, w) + a{w) r( 2 ;, w) = 0, 

where we drop the upper index for shortness. 

The hrst equation fl3.2p is just a local martingale condition for rj. The second one fl3.3l) 
is a special case of Hadamard’s variation formula, where the variation is concentrated at 
one point at the boundary. The third equationmeans that T should be invariant under 
the one-parametric family of Mobius automorphisms generated by a. 


Proof of Theorem [II Let us start with showing how the statement 1 about the coupling 
implies the statement 2 about the local martingality. 


1.-v 42. Let GtATfATn[f,ip] be a stopped process GtATf by the stopping times T„[/, fj] forming 
some fundamental sequence. The coupling statement can be reformulated as an equality 
of characteristic functions for the random variables Gf^j, ^'^[f] and *h’'^[/] for all test 
functions /. Namely, the following expectations must be equal 


Kb 



^—1 

g'^tAT[/]ATn[/,V'] 




f t G [0,-l-cx)), n = l,2,... , 


G —^ f] 

which in particular, means the integrability of e ‘/'An,,/']* with respect to and 
We used [•] for the expectation with respect to the random law of + 00 ) (or 

ig[o,+oo)) and E$ [•] for the expectation with respect to <h. Let us use (l2.4Ul) and 
02.441) to simplify this identity to 


Eb 


G 


-1 

tAT[/]Ar„[/,p]^ 



0 ’^[/], fen, te[0,+co), n = l,2,... . 


After substituting f ^ GsAT[f]*f for some independently sampled Gg and s G [0,-l-cxo), 
we obtain 


Eb 


^-1 

'^tATlGs;^Tlf] * f] AT„ [G.^Tlf] * m * 


[GsAT[f]*f] 


fen, tG[0,+oo), n=l,2,.... 


0 ^^ [GsATlf]*f], 
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Multiplying both sides by 


supp e ^ 

and by making use of fl2.d()p and fl2.4()p . we conclude that 


E, 


G 




(3.6) 

/ G "H, te[0,+cxo), ? 7 , = 1,2, 

Dehned now the process 


Gt+s ■— Gt o Gg, s,t E [ 0 , +oo), 

which has the law of (5, ct)-SLE. Its stopped version possesses the identity 
Gt+sAT[f] = <^tAT[G,A,T[/]./] ° ^^AT[/], S,t e [0, +CX)), / G "H . 

The left-hand side of 03.51) is equal to 


Eb 

=Eb 


(<^tAT[G,A,T[/]*/]Arn[G;^V[/]*/T] 

('^t+^AT[/]AT„[G;^l^j^j./,P]+s)^ I J^^ATlf] ■ 


We use now the Markov property of (5, (j)-SLE and conclude that T^[f, ■= 'ip] 

s is a fundamental sequence for the pair of / and p). Thus, 03.5|) simplihes to 


E 


B 


^-1 

'-^t+sAT[f]AT' 


[f,-^]*r[f] I A^sAr[/]AT4[/,p] 


G 


-1 

i+sAr[/]AT,;[/,y] 





hence, {G^^yjjj* 0 [/]}ig[o,+oo) is a local martingale. 

The inverse statement can be obtained by the same method in the reverse order. 


2.^43. According to Proposition [HI Appendix A, the drift term, i.e., the coefficient at dt, 
vanishes identically when 

(3.6) AW[f] + ^{C,W[f]f = 0, fen. 

The left-hand side is a functional polynomial of degree 4. We use the fact that a regular 
symmetric functional P[f] := Pk[f,f,---, f] of degree n over such spaces as "Hs, 

fc=l,2,...n 

T-i*, 'Hs,bi or is identically zero if and only if 

Pfc[/l,/2, • • • ,/n] = 0, fc = l,2,...u, feU. 

Thus, each of the following functions must be identically zero: 

^h[/] = 0, ]^AT[f,g] + ]^C„r][f]C„7][g] = 0, 

^2 Cfj g[f] Ccj r[ 5 f, h] + symmetric terms = 0, 

Go- r[/, g] >Ccr r[/z., /] -l- symmetric terms = 0, 


We can conclude that Ca^[f,g] = 0, AT[f,g] = Cs^[f,g] for any f,g G H, and this 
system is equivalent to the system fl3.2fl3.4l) . For the case H = Hg can write 03.71) in 



















26 


ALEXEY TOCHIN AND ALEXANDER VASIL’EV 


terms of functions on 'ijj{T>): 

Ar]{z) = 0 , ]^AT{z,w) + ^ C„r]{z) C„7]{w) = 0 , 

Ca rj{z) CaT{w, u) + symmetric terms = 0, 

Ca r(^, w) £o- r(M, v) + symmetric terms = 0, 
Z,W,U,V ^ 'IpiV), z^w, u^v,... . 


Remark 2. Fix a chart ip. The coupling and the martingales are not local if in addition 
to the proposition 3 in Theorem [I] the relation 




/exp W*lf] d“ Br 

0 


< oo, 


t > 0, 


holds. This is the condition that the diffusion term. a,t Bi in hA . 1 SI) is in 
However, this may not be true, in general, in another chart ip. Meanwhile, if the local 
martingale property of ^'^[f] is satisfied in one chart ip for any f eTL, then it is 

also true in any chart due to the invariance of the condition fl3.6p in the proof. 


The study of the general solution to fl3.21l3.4p is an interesting and complicated problem. 
Take the Lie derivative in the second equation, the Lie derivative Cs in the third 
equation, and consider the difference of the resulting equations. It is an algebraically 
independent equation 

^[5,a] r[/, g\ = - Cl ig[f] C^ r][g\ Cl ig[f] Cl r][g\. 

Continuing by induction we obtain an inhnite system of a priori algebraically indepen¬ 
dent equations because the Lie algebra induced by the vector helds 5 and a is inhnite- 
dimensional. Thereby, the existence of the solution to the system fl3.21l3.4p is a special 
event that is strongly related to the properties of this algebra. 

Before studying special solutions to the system fl3.2H3.4p . let us consider some of its 
general properties. We also reformulate it in terms of the analytic functions rj^, T’*'’'' and 
T’' , which is technically more convenient. 


Lemma 2. Let 6, a, rj, and T be such that the system (ElO is satisfied, let T be a 
fundamental solution to the Laplace eguation (see l\2.3f)]) ). which transforms as a scalar, 
see \2.3A) . and let rj be a pre-pre-Schwrazian. Then, 

1. rj is a {ix/‘2.,—ix/‘^)-pre-pre-Schwarzian fl2.22p given by a harmonic function in 
any chart with x given by fll.4p . 

The boundary value of rj undergoes a jump 2tt/ y/n at the source point a, namely, 
its local behaviour in the half-plane chart is given by fl3.2ip up to a sign; 

The system 03.21) -[J.2| is eguivalent to the system 03.81) . 03.131) . 03.141) . 03.171) . and 

(M). 


2 . 


3. 


Proof. The system 03.2113.41) dehnes rj only up to an additive constant C that we keep 
writing in the formulas for rj below. The condition for the pre-pre-Schwarzian rj to be 
real leads to only two possibilities: 

1. /i = —/r* and is pure imaginary as in 02.22p : 

2. /i = /i* and is real as in 02.211) . 

The equation 03.31) shows that the functional rj has to be given by a harmonic 
function as well as Clp in any chart. On the other hand, 03.21) implies that Csp is also 
harmonic. The vector helds 6 and a are transversal almost everywhere. We conclude that 
T] is harmonic. We used also the fact that the additional /i-terms in 02.251) are harmonic. 
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The harmonic function t]^{z) can be represented as a sum of an analytic function 
and its complex conjugate in any chart ijj 


r^^(z) =r]+'^{z)+r]+^{z). 


(3.8) 

Below in this proof, we drop the chart index ifj, which can be chosen arbitrarily. 

Let us dehne ri~^ and 77 + to be pre-pre-Schwarzians of orders (/r, 0) and (0,/i*^ 
tively by (l2.25|) . Thus, ri~^ is dehned up to a complex constant C~^. We denote 

(3.9) j+:=C^r]+. 
and 

(3.10) 

The reciprocal formula is 


respec- 


(3.11) 


j -.= 7] = + Cat] 

j^{z) - fia'{z) 


r]+{z) := 


a{z) 


dz. 


This integral can be a ramihed function if a{z) has a zero inside of "D (the elliptic case). 
We consider how to handle this technical difficulty in Section 14.31 
Let us reformulate now 03.21) in terms of j'*'. Using the fact that 

Cl{r]+ +^) = Clr]+ + Cl7i+, 

we arrive at 


(3.12) 




Here C~^ = i/3 for some /5 G M for the forward case. For the reverse case, C~^ = —(3 + i(3' 
for some /5,/9' G M because 03.121) is an identity in sense of functionals over %*. 

The relation 03.121) is equivalent to 


a 


aCsr]+ - 5 C^ 77 ” 


a 


+ ^£.^ 77 + = 




5 , ad d + fJ^crd'— 5a dr]~^ — fj.5a' 1 
J +- 


a 


a 


+ -£<,j+ = C'+ 




V +1.^21+ = 


(3-13) . ... . , 

a a 2 

by (HTm and flCTD . 

Consider now the function r'®(^, w). It is harmonic with respect to both variables with 
the only logarithmic singularity. Hence, it can be split as a sum of four terms 


r®(2, w) := r++ (^, w) + T++^{z, w) - r+- (; 7 , w) - r+-“(^, w), 


(3.14) 

where r’''+'®( 2 ;, in) and r’''“'®(^, tc) are analytic with respect to both variables except the 
diagonal z = w for r++ (z, w). 

So, e.g., r+“®'( 2 ;, 77 }) is anti-analytic with respect to 2 ; and analytic with respect to w. 
We can assume that both r’''+( 2 ;, in) and r’''“( 2 ;, tn) transform as scalars represented by 
analytic functions in all charts and symmetric with respect to z G4 tn. Observe that these 
functions are dehned at least up to the transform 

r + + H( 2 ;, yj/ ^ r’'' + '®(z, w) + (^{z) + e'®( 7 u), 

r^“^(;7, w) —)■ r’''“^(^, w) -\r (^{z) -f e^{w) 

for any analytic function ^{z) such that 


THT 
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These additional terms are cancelled due to the choice of minus in the pairs ‘=f’ in fl3.14p . 
In the reverse case, the contribution of these functions is equivalent to zero bilinear 
functional over "H*. 

Consider the equation 03.41) . It leads to 

(3.15) C^V"^~^{z,w)=l3f{z)+(5f{w) 


for any analytic function (^^{z) such that 02 {z) = (3^0). One can £x this freedom, i.e., 
the function 00, by the conditions 

(3.16) C, T++^{z, w) = 0, r+-“(; 2 , w) = 0. 

Thus, r++'®( 2 :, tc) and r+“'®( 2 ;,tc) are fixed up to a non-essential constant. 

The second equation 03.31) can be reformulated now as 


(3.17) 


Cs r++ 
Ar+-' 


{z, w) -h Ca jC-a r 7 +"(tc) = /3^{z) + /3^{w), 


(z, w) + La v0^{z)Ca /]+“(«;) = I3f{z) 


H/ 


for any analytic function 0f{z) such that 0i{z) = 0f{z) analogously to 03.15p . We can 
conclude now that the system 03.2H3.4p is equivalent to the system 03.Sp . 03.131) . 03.14p . 
flITTTI) . and dSH. 

Use now the fact 


(3.18) 


T^’*' {z, w) = -- log( 2 ; — tc) -|- analytic terms 


to obtain a singularity of about the origin in the half-plane chart. Relation 02.171) 
yields 


(3.19) 

hence, 

(3.20) 


dz log(z “ “ '^)) = 


zw 


i^^{z) = —^ -|- holomorphic part. 
z 


The choice of the sign of (z) is irrelevant. We made the choice above to be consistent 
with [22] • The analytic terms in 03.181) can give a term with the sum of simple poles at 
z and w but in the form of the product l/{zw). 

From 03.111) we conclude that the singular part of r]~^^{z) is proportional to the loga¬ 
rithm of 


V 0) = 


K 


logz -)- holomorphic part. 


Thus, we have 
(3.21) 


-2 


V 0) 


K 


argz + non-singular harmonic part. 


We can chose the additive constant such that, in the half-plane chart, we have 


(3.22) 


V^(+ 0 ) = -v^(-O) = 


TT 


K 


in the forward case. This provides the jump 27r /^/K of the value of r] at the boundary near 
the origin, which is exactly the same behaviour of rj needed for the flow line construction 
in [23] and [22]. However, the form (l3.22p is not chart independent, and only the jump 
I'Kjy/n = ri‘^{+0) — does not change its value if the boundary of 0{V) is not 

singular in the neighbourhood of the source '0(n)- 
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Substitute now 03.201) in 03.131) in the half-plane chart, use 02.17p . and consider the 
corresponding Laurent series. We are interested in the coefficient near the hrst term 


2 1 -i 

2 ; —\/a 



= C+. 


We can conclude that 
(3.23) 


M = 


A — K 


Thus, the pre-pre-Schwarzians 02.22p with % given by 01.4p is only one that can be realized. 

□ 


4. Coupling of GFF with the Dirichlet boundary conditions 

In this section, we consider a special solution to the system 03.2113.41) with the help of 
Lemma [21 We assume the Dirichlet boundary condition for F considered in Example [21 
and hnd the general solution in this case. In other words, we systematically study which 
of (h, (j)-SLE can be coupled with GFF if F = F^^. 

Let us formulate the following general theorem, and then consider each of the allowed 
cases of (6, (j)-SLE individually. 

Theorem 2. Let a (5,a)-SLE he coupled to the GFF with TL = Tis, F = F^i, and let rj 
be the pre-pre-Schwarzian 02.221) of order x- Then the only special combinations of 5 and 
a for K Q and u ^ 0 summarized in Table [H and their arbitrary combinations when 
K = 6 and i/ = 0 are possible. 

Table [H consists of 6 cases, each of which is a one-parameter family of (h,(T)-SLEs 
parametrized by the drift i/ G M, and by a parameter ^ G M. These cases may overlap for 
vanishing values of p or 

In other words, different combinations of 6 and a can correspond essentially to the 
same process in D but written in different coordinates. We give one example of such 
choices in each case of 6 and a . 

Some particular cases of CFTs studied here were considered earlier in the literature. 
The chordal SLE without drift (case 1 from the table with z/ = 0) was considered in |18j . 
the radial SLE without drift (case 3 from the table with z/ = 0) in [121, and the dipolar 
SLE without drift (case 4 from the table with z/ = 0) appeared in [20]. The case 2 actually 
corresponds to the same measure dehned by the chordal SLE but stopped at the time 
t = 1/4^ (see Section [T75]) . The cases 5 and 6 are mirror images of each other. They are 
discussed in Section 14.61 

Remark 3. An alternative approach to the relation between CFT and SLF based on the 
highest weight representation of the Virasoro algebra was considered in [1] and [S]. We 
remark that such a representation can not be constructed for non-zero drift (u ^ 0). 

Proof of TheoremlE Let us use Theorem [T] and assume the Dirichlet boundary conditions 
for T = Td. 

r++®(z, w) = ~ iog(z - w), r+"®(z, w) = ~ iog(z - w) 

in Theorem [2J The condition 03.151) is satished for any complete vector held a and some 
(T-dependent /32 which is irrelevant. 
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N 

Name 

F(i) 


a 

/S 

1 

Chordal with 

drift 

Z 

-\/a 

U 

2 

‘ly/K 

2 

Chordal with 
hxed time 

change 

7 + 2^^ 

-^/k 

0 


3 

Dipolar with 

drift 

2 (i - j) - 1/(1 - z^) 

-0^(1 - ^') 

V 

2 

4—12^ 

2v7t 

4 

One right hxed 
boundary point 

2 

—h K — 6-|- 
z 

+ 2(3 — K -\- ^)z-\- 
+ (k-2- 2()z‘^ 

-V^(l - :^2) 

- 6) 

«(8-0 

2\//^ 

5 

One left hxed 
boundary point 

^ - (a - 6)-F 
+ 2(3 — K -\- 1^)^+ 

- (a - 2 - 20;^' 

-i/a(1 - z"^) 

-|(a-6) 

«(8-0 

2^/k 

6 

Radial with drift 

2[\ + z)-v{l + z^) 

-i/a(1 z^) 

U 

2 

4—1/2 

2v^ 

r 

rABLE 1. (5,cr)-SL 

5 types that can be coupled with CFT with the Dirichlet 


boundary conditions (F = Fq). Each of the pairs of 6 and a is given 
in the half-plane chart for simplicity. For the same purpose we use the 
normalization fl2.17p . The details are in Sections 14.11 and 14.dl See also the 
comments after Theorem [21 


In order to obtain j~^ we remark first that due to the Mobious invariance fl2.d8l) we can 
ignore the polynomial part of 

Cs F®’( 2 r, w) = (- +‘^ ds +— dw F’“( 2 ;, w). 

\z z w w J 

Using (l3.17l) . (l2.37l) . and (l3.19|) we obtain that 

(4.1) = — + ia^ a G C, 

z 


with 



In order to satisfy all conditions formulated in Lemma [2] we need to check fl3.13p . 
Substituting fl4.ip to 03.131) gives 

5 , [cr, 5] 1^,1 

(T G L 

(4.2) 5j++^[cr^5] + lo-£+j+ = 0 

5’“(^) + ia^ + /i [u, 5]'“(2:) + ^ (cL®'(2:)) d + iot^ - il3o^{z) = 0. 

In what follows, we will use the half-plane chart in the proof. With the help of 02.1(11) and 
02.181) we can assume without lost of generality that is one of three possible forms: 

1 . a^{z) = 

2 . a^{z) = -y^{l-z^), 

3. o^\z) = —v^(l -1- z"^). 
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Let US consider these cases turn by turn. 

1. cr(z) = -^/K. 

Inserting 02.171) to relation 04.2p reduces to 


-2 + I — 2iy/Kn 2a — (5_i 


+ 


+ 


^ + ad—I — ^0 4 “ ^\/n/ 1 ' 5 o) 4 “ 
-\-z 4 “ 2i-\J~Kii5]^ z a6\ = 0 ^4 

0d.2dp . 2a — (5-1 = 0, /3\/a + ad-i — 5o + iy/^jJ^do = 0, 

ado — + 2iy/Kndi = 0 , adi = 0 . 

There are three possible cases: 

( 1 ) 

-2a2 

5-1 = 2a, ho = 0, hi = 0, K > 0, /3 = 

It is convenient to use the drift parameter u. Thus, 

z/ = —2a, 


K 


which is related to the drift in the chordal equation. This case is presented in the 
first line of Table [H 


( 2 ) 


h-i — 0, ho — 


4/5 


(3) 


k-8’ 

This case is presented in the second line of Table (.^ G 
in Section IT751 


hi = 0, K > 0, a = 0. 

and discussed in details 


h_i = 0, ho = 2\/5/3, hi G M, K = 6, a = 0. 

This is a general case of h with k = 6 and z/ = 0. 

2. a^{z) = — z'^). 

Relation 04.21) reduces to 

— 2 + $ + 2i|J,^/K 2a — h_l / _ n ■ r~ r s: ■ \ 

--^- \P\/k - zt + bty/Kfi + ah_i - ho + ly/n^doj + 

z z 

+z (2iy/Knd-i + aho — hi + 2iy/Kjj,di^ z^ /5\/k + "^ + iy/^l^'da + ahi^ =0 <(=4 

0d.2dp . 2a — h_i = 0, /5 \/a — a + biy/nfx + ah_i — ho + iy/^fido = 0, 


tv 

2iy/Kfj,d-i + ado — hi + 2iy/Kfidi = 0, —fdy/n + ^ + iy/^fJ^do + ahi = 0. 

There are four solutions each of which is a two-parameter family. The first one corresponds 
to the dipolar SLE with the drift u, line 3 in Table [H The second and the third equations 
are ‘mirror images’ of each other, as it can be seen from the lines 4 and 5 in the table. 
They are parametrized by and discussed in details in Section WM The fourth 

case is given by putting 

h_i = 0, ho = 2(\/6/3 — 3), hi G M, K = 6, a = 0. 


This is a general form of h with k = 6 and u = 0. 
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3. a^{z) = -,/l^{l + z^). 

Relation (l4.2l) reduces to 

— 2 + I — 2a — 

+ {j3\fK — K + Qi\fKjjL + a5-i — ^0 + + 

-\-z ^2iKjj,6—i 4* adf) — R 2i'\J~Kii6^ 4- 

-\-z^ ^— I3-\/k '2 iy/lzudo 4“ = 0 -v^ 

fl3.23p . 2a — 5_i = 0, (3^/lz — k + Qiy/Kfj, + a5_i — 5o 4- iy/lz^6o = 0, 

tv 

2ifi:/i5_i 4- a6o — 4- 2i\/KiJ,6i = 0, —jSy/n + — 4- + aSi = 0. 

The first solution is presented in the line 6 of Table [T], where it is again convenient to 
introduce the parameter z/ related to the drift in the radial equation. The second solution 
is 

5_i = 0, 5o = 2(\/6/5 — 3), (5i G M, a = 6, a = 0. 

This is a general form of 6 with a = 6 and u = 0. □ 


4.1. Chrodal SLE with drift. It is natural to study this case in the half-plane chart, 
where 

(4.3) (^) cr!f(^) := a e M. 

2/ 

The form of t]^ can be found from 03.91) by substituting 04.ip as 

1 o +H, . „ -f, . 

—A2 0^1] (Z) + /j, ■ 0 = -h ta. 

‘Z/ 


Then 


(4.4) 


, , % . laz ^, 

h" {z) = ^\ogz -^ + C'+, 

'K \/K 


and taking into account that a = — | we obtain 


(4.5) 



—2 A 

—= arg - — Im z 4- C. 

i/a VA 


Let us present here an explicit form of the evolution of the one-point function Si{z) = 
r]{z) 


M^{z) ={G7\vnz) = ^argGr(^) 


A 


Im Gf (z) 4- -j=^ 

A 2\r 


arg Gf'(z) -4 C 


This expression with a = 0 coincides (up to a constant) with the analogous one from [THl 
Section 8.5]. 

Now we need to work with a concrete form of the space 'Ks discussed in Section 12.41 
It is convenient to define it in the half-plane chart. In other charts it can be obtained 
with the rule 02.271) . We choose the subspace of G°°-smooth functions with compact 
support in the half-plane chart. The function 0 dehning metric can be, for example, zero 
in the half-plane chart, <i^{z) = 0. This choice guarantees that the integrals in 0A.9p and 
OA.llD are well-dehned with r] as above and T = T^). 
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4.2. Dipolar SLE with drift. The dipolar SLE equation is usually defined in the strip 
chart, see (ll.9|) . as 


(4.6) 


d’“Gf(2) = cth^i^dt - Wd‘“B, - -dt, 


where we add the drift term ^dt in the ltd differentials with the same form in terms of 


Stratonovich 

(4.7) 


d®Gf(z) = cth^i^dt - Wd®B, - -dt 


because £ 1 ^( 2 ;) is constant. The vector fields 6 and a in the strip chart, see 01.91) . are 


= 4cth--ce®(z) = - 
The from of 6 and a in the half-plane can be obtained by 02.1|) as 


S^{z) = 

1 


t§,h(2:) 

a^iz) = 

1 


Ts,h(2:) 




1 n 


2 Vz 


u 




a 


^(z)) = 


(l-z^). 


It is more convenient to use for our purposes the transform 02.1(1^ with c = 2, and to 
define 

'1 


(4.8) 


( 2 :) := 2 - z/(l - z'^), a^{z) := - z'^), 


V e 


that possess normalization 02.171) used in Table [H 

Let us first find p"*", rj and in the half-plane chart. The same way as in the previous 
subsection we calculate 

-\/ k (1 - z‘^) r]'^'^{z) + fx (-y/K{l - z"^)) = — + ia. 

% 

Taking into account 03.23p and a = —v 12 we obtain 

i{K — 6) 


+H/ \ ^ 1 , 

iz) = —= log Z 

'K 


log(l - z^) + —^arcthz C+, 


_2 ^ 

r^iz) = —;= argz - 1 =^ arg(l — z‘^) - 1 = Imarcthz -|- C, 

VN 2Vk VK 

Mcfiz) = {Gi\vnz) = 

^ argG'f( 2 :) - arg(l - Gf{zf)- 


K 


2^/k 




Im arcth G“(z) -|- 


argCf (z) + C 


'tx ~ ' 2\r 

The corresponding relations in the strip chart are 

= 4cth^ - 2 °, ce^(z) = -2\/^, 


obtained with the help of 02.19p . Then 


'rf{z) = ri^{TM,s{z)) + Im0H,s'(z), 

2^y K 
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where we used fll.41) and the expression for rH,s(^) = Eg H( 2 ;) = ipu ° dehnes 

the strip chart fll.9p . Alternatively r]^{z) can be found as the solution to fid.bp in the strip 
chart 




—;= Imz + C, 
2^ 


M.Uz) = (GTKvfiz) = 

=;^argsh^^ - ^lmGf(z) + arg Cf (z) + C. 

The expression for in the strip chart becomes 

1 shf^^isht^^'l 

r|,(.,n;) = = -^log 

We remark that 1 ] can be presented in a chart-independent form as a function of 6d 
and ad using fl2.2dp as 


V 



H- — Im arcth 

'K 


) +c 

V j 


The expression under the square root vanishes only at the same points as Od- As before, 
the choice of the branch is irrelevant because a can vanish at inhnity only at the boundary, 
and T] is dehned up to a constant C. 

Now we work with the concrete form of the space l-is discussed in Section I2.41 It is 
convenient to dehne it in the strip chart. We choose the subspace C'°°g of G°°-smooth 
functions with compact support in the strip chart. The function 0 dehning the metric can 
be, for example, zero in the strip chart, cl)^{z) = 0, which guarantees that the integrals in 
flA.QD and flA.lip are well-dehned with rj as above and r = r^. 


4.3. Radial SLE with drift. The radial SLE equation fl2.14p is usually formulated in 
the unit disk chart. It can be dehned with the vector helds 02.121) . which admit the form 
02.131) in the half-plane chart. By the same reasons as for the dipolar SLE, we can change 
normalization and dehne 

(4.9) 5^{z) ■.= 2(^^ + z'^ -u{l + z^), af{z):=-^/^{l + z‘^), z/ e M 

that coincides with the expressions in Table [U 

Let us give here the expressions for 6, a, Td, rj and in three diherent charts: half¬ 
plane, logarithmic (see below for the details), and the unit disk using the same method 
as before. The calculations are similar to the dipolar case. In fact, it is enough to change 
some signs and replace the hyperbolic functions by trigonometric. In contrast to the 
dipolar case, r] is multiply dehned. We discuss this difficulty at the end of this subsection. 
As for now, we just remark that from the heuristic point of view this is not an essential 
problem. In any chart r]'^{z) just changes its value only up to an irrelevant constant after 
the harmonic continuation about the hxed point of the radial equation. 

In the half-plane chart, we have 


--v/a(1 -1- z‘^) dz ri'^^{z) + /i f-\/A(l -1- z'^)) = — + ia, 

z 


n —2 (k — 6) . ^ 

T] (zj = —j= arg 2 ;- 1 =- arg(l + z ) -^ Im arctg z -|- C, 

VK y/K 


(4.10) 
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= {Gi\r^nz) = 

arg Gf{z) - arg(l + Gf{zf)- 


‘lyjlz 

Im arctg z + ^ arg Gf ^ (z) + C 


'tz ‘i^r 

analogously to fl4.4p . 

The unit disk chart is defined in fll.81) . and 

_2 _ 0 jy 

= ^arg(l - z) - —^ arg^; + log| 2 ;|+G, 

hi " V ^ " V ^ 

Af.?(z) = (G,-‘.>))"(-) = 

arg(l - G?(.-)) - 44^argGf>(2) + d^log|Gf(a)|+44iargGr(.-) + C, 


n 




2\/k 


2\/k 


/ X ^iri) / /X /XX 1 , (z — w)(z — w) 
r® (^, w) = r® (rH,B( 2 ;), 'rH,D(w)) = - - log ^ - - -—. 

The third chart is called logarithmic, and it is defined by the transition map 
(4.11) rB,L(2:) := : H-^ro, rL,B(^)=rB,L(^) = -^log^- 

Therefore, 

'rH,L(2;) = th.b o rB,L(2:) = tg- : EI-J-EI, 0l,h(z) = 0i,Uz) = 2arctgz, 

and 'ip^ is not a global chart map as we used before because there is a point (the origin in 
the unit-disc chart) which is mapped to infinity. Besides, the function log is multivalued 
and the upper half-plane contains infinite number of identical copies of the radial SLE slit 
('nL,H(2^ + 27r) = rL,H(^))- The advantage of this chart is that the automorphisms Ht[aP^ 
induced by cr^ (see 12.31) are horizontal translations because o'l‘{z) is a real constant (see 
below). The corresponding relations for the radial SLE in the logarithmic chart can be 
easily obtained from the dipolar SLE in the strip chart just by replacing the hyperbolic 
functions by their trigonometric analogs as 


5l{z) = 4tg- 


t{z) = 


oeJ"(z) 


-2 


argsm-^ 

K ^ 2 2V^ 


= -2^, “ 
Imz -|- C, 


= {G7\vnz) = 


-2 . GUz) 

arg sm- 


u 


K 


2-\/k 


ImGj^(z) -f 


I / X 1 sin 
T^{z,w) = --log- 


' Z — W ' 

- 2 ^ 


-4 
sin(^) 


argG['(z) + G. 


sin(^)sin(^)’ 


2 ! ““"V 2 

This relations above coincide up to a constant with the analogous ones established in 

da ED. 

We remark again that rj can be represented in a chart-independent form as a function 
of 6r and with the help of 02.231) by the relation 


V = 


K 


arg 


ar 


cr: 


+ f G 


\/k 




= H- -= Im arcth 

2 Jk 


I 2 cer 

Wffi.-T' 


+ C. 
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In order to define GFF for radial SLE carefully we need to generalize slightly the 
above approach. Let 6 G P be a zero point of 5^ and cr^ simultaneously inside V\ Sf{b) = 
= 0 (for any '0). We have = 0 in the unit disk chart, 'ip^{b) = i in the 

half-plane chart, and = cx) in the logarithmic chart. 

Let T>b be the universal cover of T>\{b}. Then the logarithmic chart map : "D —)■ HI 
dehnes a global chart map of Pfe. The space 'Hs['^b] in the logarithmic chart is dehned 
as in Section E31 with (j)^ = 0, and we require in addition, that the support is bounded. 
The last condition guaranties the hniteness of functionals such as ?][/], ^D[fi,f 2 ], and 
the compatibility condition of "Hs, To, rj (as above), 6r and on Vb. The map Gt : 
V \Kt —)■ P is lifted to Gt : T>b \ Kt^Vb, where Kt C T>b is the corresponding union of 
the countable number of the copies of Kt. 

Consideration of Vb instead of V is possible thanks to a special property of radial 
Lowner equation to have a hxed point b ^ T>. The branch point b is in fact eliminated 
from the domain of dehnition and the pre-pre-Schwarzian rj is well-dehned on P;,. 


4.4. General remarks. Here we are aimed at explaining why all three cases of rj above 
has the same form for k = 6 and u = 0. Besides, we explain the relations between the 
chordal case and other cases considered in the next two subsections. 

Let Gt be a (5, (t)-SLE driven by Bt, and let and Gt be a (5, a‘)-SLE driven by Bf with 
the same parameter k. Then there exists a stopping time r > 0, a family of random 
Mobius automorphisms Mi'. T>-^'D, i G [0,f), and a random time reparametrization 
A : [0,f) —)-[0,r) (r := A(r)), such that 

Gt = Mt o Gaj, t G [0,7") 

and 

dBi = aidi (A(t)) " dB^^i^, i G [0, f) 

for some continuous ai- In particular, this means that the laws of /C* and Kt induced by 
the (5, (t)-SLE and (5, 5')-SLE correspondingly are absolutely continuous with respect to 
each other until some stopping time. We proved this fact in [13]. However, it is possible 
to show a bit more: if z/ = 0 for both [6, (j)-SLE and {6, 5')-SLE, then the coefficient is 
proportional to a — 6. Here the drift parameter u is dehned by 

u := (5_i -|- 3 (To, 


see fll.71) . This dehnition agrees with 04.31) . 04.8|) and 04.91) and is invariant with respect 

. 1 . 

to 02.151) . Since X~Bx{t) agrees in law with Bi, the random laws of /C* and Kt are identical, 
not just absolutely continuous as above, at least until some stopping time. 

It can be observed that rj for the chordal 04.5p . dipolar 04.5p . and radial 04.1()p cases 
are identical for a = 6 and z/ = 0. This is a consequence of the above fact. Special cases 
of chordal and radial SLEs were considered in [27]. 

Besides, there are two special situations when ai is identically zero for all values of a > 0, 
not only for a = 6 as above. In order to study them, let us consider the chordal SLE Gt, 
see 02.111) . and a diherentiable time reparametrization A, which possesses property 0B.6|) . 
Set 



G 




where Sc : is the scaling how (s^(z) = e c G M). In the half-plane chart we 

have 


( 4 . 12 ) 


Gf(z) = e-‘‘Gl(z). 
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The Stratonivich differential of G^^z) is 

iS -CT\r^w 


d« Gf{z) ={d^ e-'^i)G'^.{z) + e-"f d® G5f.(z) = 


= (d^e-‘=‘-)G^i;^)+e-'=‘-A,' 




-dt — \/Ad® B), 


Due to flB.7p . we have to assume that 


. 1 


e-^*Aj= 


in order to have an autonomous equation. So 



and, consequently, 

d®e-"f = -^e-^^^aidi- Bf, 

where we used (1K.6I1 . Eventually, we conelude that 
(4.13) 

d®Gf(2;) = d® e^*Gf{z) + di - y/K(f Bf + 

In order to have time independent coefficients we assume that and are proportional 
to Hence, define ^ G M by 

at = 

Without lost of generality, we can assume that is of the following three possible forms 

1. bi = 0, 

2 . bf = 

3. bi= — dy^e^'^‘, 

because all other choices can be reduced to these three by fD.lfip . The first case is 
considered in Section 14.51 Other two cases are discussed in Section 14.bl 


4.5. Chordal SLE with fixed time reparametrization. Let ^ G (—cxo, +cx)) \ {0}, 
and let Gt be a chordal stochastic flow, i.e., the chordal SLE fl4.3|) . Define 

Gf(v) = e^«‘G“,yv) 
in the half-plane chart and assume that 


\{i) : = 


1 - 

de 


A: [0,-l-cx)) ^[0, (d,^) ^), ^ > 0; 

A: [0,-|-cx)) ^[0,-|-cxo), .^<0. 


This choice of A corresponds to ci = —2^i, in the previous subsection. We remark, that 
the time reparametrization here is not random. 

The flow Gf satisfies the autonomous equation fl2.t)p with 

(d.ld) (5®(z) = - + 2^z, a^{z) = -^/k, 

z 

which are the vector fields from the second string of Table [T] and a special case of (l4.13l) 
with tti = —and b^ = 0. 

There is a common zero of 6 and a at infinity in the half-plane chart, so infinity is a 
stable point G? : cxo —)■ cx). But in contrast to the chordal case the coefficient at z~^ in 
the Laurent series is not 1 but The vector field 6 is of radial type if .^ > 0, and of 
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dipolar type if ^ < 0. It is remarkable that if ^ < 0, then the equation induces exactly the 
same measure as the chordal stochastic flow but with a different time parametrization. If 
^ > 0 the measures also coincide when the chordal stochastic flow is stopped at the time 
t = 

By the reasons described above it is natural to expect that the GFF coupled with such 
kind of (h, (j)-SLE is the same as in the chordal case, because it is supposed to induce the 
same random law of the flow lines. Indeed, a from fl4.14p coincides with that from the 
chordal case, hence, 7] dehned by fld.lOp . with a = 0 (see the table) also coincides with 
fl4.5p with u = 0. Thus, the martingales are the same as in the chordal case. 


4.6. SLE with one fixed boundary point. Let the vector helds 6 and a be dehned 
by the 5**^ and the 6**^ strings of Table [H There are two ‘mirror’ cases. The (h, cr)-SLE 
denoted here by Gt is characterized by the stable point ai z = 1 (the 5**^ case) or z = —1 
(the 6**^ case) in the half-plane chart. We will consider only the hrst (the 5*^ string) case, 
the second (the 6**^ string) is similar. 

We will show below that this (h, ct)-SLE coincides with the chordal SLE up to a random 
time reparametrization for all values of a > 0. Let us apply a Mobius transform r^.T) 
dehned in (12.181) with c = — 1 



z 

m' 


In the half-plane chart, it maps the stable point z = 1 to inhnity keeping the origin and 
the normalization fl2.17p unchanged. It results in 


Gt := r_i oGiOr_}, 

r_i*(5'“(2r) = 5®'(^) = - + K + 2^z, 

z 

r_i*(T®'(z) = d^{z) = + 2z), 


and the equation for Gt becomes 

(4.15) ('gj^ + ^ + 2^Gf(^)E(-V;^(l + 2Gf(2))d®B„ 

which is a special case of fl4.13p with = —4^t and bf = In other words, the 

relation (14.151) can be obtained from (14.121) with Cf = —2^t + 2y/KBt under the random 
time reparametrization Xi = 

It is remarkable that the subsurface X <zT> dehned in the half-plane chart as 

V'®(X) = {zell: Re(z) > —} 

is invariant {G^^{'D) C X)) if and only if .^ > k. In order 
calculate the real parts of 


(5’®(2;) = - + K + 2^z, 
z 

a^{z) = -\/k(1 + 2z), 


to see this, it is enough to 
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which are actually the horizontal components of the vector helds at the boundary of 
in e, e e : Re(z) = -i}, 


Re (ffi" (-i + ih)) - Re (zT^ + ' + (“5 + “')) ^ 


Re (^ce® (^-^ + ih^^ =Re (^1 + 2 + ih^^^ =0, h > 0. 

The hrst number is negative for all values of h if and only if ^ > k. 

We remark that the r_i-transform has the invariant subsurface X := 'r_i(X) C T> for 
the (5, (t)-SLE above, which is an upper half of the unit disk 

^^{I) = {zeM: |z|< 1} 


Similarly to the previous subsection it is reasonable to expect that the GFF coupled 
with this (5, a')-SLF is the same as in the chordal case, because it is supposed to induce 
the same random law of the flow lines. Indeed, the solution to fid.91) . with a and a as in 
the 5*'^ string of the table, is 



% , 

—= log ^ * 


K — 6 
2y/K 


arg(l 




+ 6-+. 


Thus, 


r]^{z) = 


'K y/K 

After the r_i-transform for 5 and d, we have 


2 K — Q . y ^ 

aigz - — arg(l — z) + C. 


-2 


rj (z) = —= arg z + C. 


The last relation coincides with 04.51) with u = 0. We remind that Tq is invariant under 
Mobius transforms, in particular, under r_i. 


5. Coupling of GFF with Dirichlet-Neumann boundary conditions 


We assume in this chapter that T = r£)jv, see Example 01 which becomes 

I th ^~’^ th ^~’" 

(5.1) r|jv(z, w) = -^ log e § := {z : 0 < Imz < fi}. 

in the strip chart 01.91) . It is exactly Green’s function used in |T7] (it is also a special case 
of [IS]). 

The function r|,jY satishes the boundary conditions 



0 , dyT%^{x + iy,w) 


xgM, y= 7 T 


= 0 , 


the symmetry property, and 

C„Tdn{z,w) = 0 . 

The coupling of GFF with this T to the dipolar SLE is geometrically motivated. We 
also require that both zeros of 6 and a are at the same boundary points where Tdn 
changes the boundary conditions from Dirichlet to Neumann. In the strip chart these 
points are ±cx). 


Proposition 4. Let the vector fields 6 and a be as in let T = T^jyi, and let rj be a 

pre-pre-Schwarzian. Then the coupling is possible only for k = A and i/ = 0. 
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Proof. We use Lemma [2] in the strip chart. From fl6.2p we obtain that 

w s 1, z — w 


w) = log th^ 


rDN^(z,w) = -^log th^ 


and relations fld.lbp hold. From fid. 171) we hnd that 


(5.2) 




r (z) = 


shf 


-|- i(y^ Q. G 


= 0 , 


Substituting fl5.2p in 03.131) gives 

{/3^/k — au) sh^l + ° sh| — 2 i\/"“ ch| (a sh|ff + (" — 4)^ 

2 y^sh^| 

which is possible only for fi; = 4, i/ = 0, /5 = 0 and /i = 0, where the latter agrees with 

(I223D. □ 

From 03.91) we obtain that 


and 


= ^log th^ + C+, 


Tf{z) = —2 arg cth ^ + C. 


We also present here the relations in the half-plane chart 


'q{z) = —2 arg 


1 + ^ 


2 ;^ 


+ c, 


jj , . 1 {z — w){z — in)(l — zw \/l — z‘^\/l — tc2)(l — zw + yjl — z^^/l — w^) 

DN\Z) = “X ~ 


{z — w){z — tc)(l — zw + \/l — z^\J\ — tc^)(l — ZW + vT" 






The pre-pre-Schwarzian rj is scalar in this case, and in its chart-independent form is 


r] = — arg ■ 


yX 

2 


^cr )2 


a 


6 . Coupling of twisted GFF 

This model is similar to the previous one. As it will be shown below, it is enough at the 
algebraic level to replace formally all hyperbolic functions in the dipolar case in the strip 
chart S by the corresponding trigonometric functions in order to obtain the relations for 
the radial SLE in the logarithmic chart L. But at the analytic level, we have to consider 
the correlation functions which are doubly dehned on V and change their sign after the 
analytic continuation about the center point. This construction was considered before as 
we were informed by Num-Gyu Kang, [2T] . 

We have to generalize slightly the general approach similarly to Section IT^ considering 
the double cover instead of the inhnitely ramihed cover of 'D\{b}. Let us dehne the 
space T-LslPf] of test functions /:P^—)-M as in Section [231 with (f^iz) = 0 and with an 
extra condition f{zi) = —f{z 2 ), where zi and Z 2 are two points of Vf corresponding to 
the same point of V\{b}. Thus, in the logarithmic chart, we have 

(6.1) f^{z) = f^{z + Airk) =—f^{z + 27rk), fc G Z, zeH. 

Such functions are dvr-periodic and 27r-antiperiodic. In particular, is not of compact 
support, but we require in addition that 

sup Im ({z e H: f'^(z) 7 ^ 0 }) < cxo 
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in order to maintain compatibility. In some sense, the ‘value’ of ^tv changes its sign after 
horizontal translation by vr. 

The twisted Gaussian free field d>tw is dehned similarly to the usual one but taking 
values in Vf'. 

In this section, we dehne T by 


( 6 . 2 ) 







in the logarithmic chart. Observe that 


2 ;, tc G H. 


rL(2:, w) = Tl^{z + Ank, w) = -T^^iz + 2Trk, w), k E Z. 


In the unit disk chart the covariance Tj^ admits the form 


1 (i/i - ^/w){^/z - Vw){^/z + \/w)(v^ - ^/w) 

2 ^ (yT+0u)(\/I+ v^)(a/I+ v^)’ 


or in the half-plane chart. 


_ 1 {z -w){z- w){l + zw + \/l z'^y/l + + zw + vTT^vTTu^) 

** 2 ^ {z — w){z — tc)(l + zw + \/l -l- z^\/\ A- -|- \/l -|- z^\/\ -|- ufl') 

It is doubly dehned because of the square root, and the analytic continuation about the 
center changes its sign. 

The covariance T^ satishes the Dirichlet boundary conditions and tends to zero as one 
of the variables tends to the center point b (or cx) in the L chart) 


T?" (x, w) = 0, 
^ xeR ’ 




Id 


The (T-symmetry property 


lim rJk(x + ii/,w) = 0, 

y->+ao 

1 = 0, Jim rf„(z,u;) = 0, 
Ca, Tt^{z,w) = 0 


X e M, w G H; 
w G D. 


holds. 

As we will see below, rj also possesses property flO.ip . Thus, the construction of the 
level (how) lines can be performed for both layers simultaneously and the lines will be 
identical. In particular, this means that the line can turn around the central point and 
appears in the second layer but can not intersect itself. This agrees with the property of 
the SLE slit which evoids self-intersections. 

Similarly to the dipolar case in the previous section the following proposition can be 
proved. 


Proposition 5. Let the vector fields 6 and a he as in i4.9\) , let T = Ttw, and let rj be a 
pre-pre-Schwarzian. Then the coupling is possible only for k = A and z/ = 0. 


The proof in the logarithmic chart actually repeats the proof of Proposition 01 
We give here the expressions for r] in the logarithmic, unit-disk and half-plane charts: 

T]^{z) = —2 arg tg- -I- C. 

z 


r]^{z) = —2 arg 


1 - 


1 + y/z 
rf^{z) = —2 arg 


-I- C = 4 Im arctghi/z -|- C. 
z 


1 -t- \/r+^ 

From this relation it is clear that r] is antiperiodic. 


PC'. 
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The pre-pre-Schwarzian rj is scalar in this case and its chart-independent form becomes 

2 f ('S - ^<^)+ 

rj =- — arg- - -. 

VK a 

We dehned the linear functional <f)tw oll the space of antiperiodic functions before, 
however, such functional can be also dehned on the space of functions with bounded 
support in the logarithmic chart. Thus, we can use the same space 'Hg as in Section IT^ 


Perspectives 

1. The coupling with the reverse (5, cr)-SLE can also be established using the same 
classihcation as in Table [TJ 

2. We did not prove in this paper but our experience shows that we listed all possible 
ways of coupling of GFF with {6, cr)-SLE if we assume that T transforms as a scalar, 
see (l2.33l) . and that r; is a pre-pre-Schwarzian. It would be useful to prove this. 

3. The pre-pre-Schwarzian rule ( 12 . 201 ) is motivated by the local geometry of SEE 
curves [22] • In principle, one can consider alternative rules. Moreover, the scalar 
behaviour of T can also be relaxed because the harmonic part H'^{z, w) can trans¬ 
form in many ways. Such more general coupling is intrinsic and can be thought 
of as a generalization of the coupling in Sections 0 and 0 for arbitrary k. 

4. We considered only the simplest case of one Gaussian free held. It would be 
interesting to examine tuples of $j, i = 1,2,.. .n which transform into non-trivial 
combinations = Gj[<hi, $ 2 ,... *hn] under conformal transforms G. 

5. The Bochner-Minols Theorem El suggests to consider not only free helds, but for 
example, some polynomial combinations in the exponential of fl2.39p . In particular, 
the quartic functional corresponds to conformal held theories related to 2 -to -2 
scattering of particles in dimension two. 

Acknowledgement. The authors gratefully acknowledge many useful and inspiring 
conversations with Nam-Gyu Kang and Georgy Ivanov. 


Appendix A. Technical remarks 


In this appendix section, we prove some technical propositions needed in the proof of 
Theorem [T] 

Gonsider an ltd process {At}tg[o,+oo) such that 

d^*° Xt = atdt -I- bt d^*° Bt, t G [ 0 , -|-cxo). 


for some continuous processes {ajt 6 [o,+oo) and { 64 } 46 [o,+oo)- We denote by {WAT}te[o,+oo) 
the stopped process by a stopping time T. It satishes the following SDE: 

di*° Wat = 0{T - t)atdt + 0(T - t)bt d^*° Bt, t e [0, +cx)). 


where 


9{t) := 



if t < 0 
if f > 0 . 


If {Xi}tg[ 0 ,+oo) is a local martingale {at = 0, t G [0,-Foo)), then {XfAT}te[o,+oo) is also a 
local martingale. 

We consider below the stopped processes y(GtAT)}te[o,-i-oo) instead of {y(Gt)}ig[o,+oo)- 
for some functions Y : R, and the corresponding ltd SDE. In order to make the 

relations less cluttered, we usually drop the terms ‘... A T[/]’ and 9{T — t). However, 
in the places where it is essential to remember them, e.g., the proof of Theorem [T], we 
specify the stopping times explicitly. 
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Define the diffusion operator 
(A.l) A := Cs +- cl. 

and consider how a regular pre-pre-Schwarzian rj changes under the random evolution Gt- 
We also dehne the stopping time T{x), x eT> analogously to fid.ip using a neighborhood 
U{x) of single point x E V. The functions Gf^^rf{z) and w) are dehned by 

fl2.2()l) and fl2.ddp until the stopping times T{z) and mm(T{z),T{w)) respectively. 

Proposition 6. Let {Gi}tg[o,+oo) be a (6,a)-SLE. 

1. Let rj be a regular pre-pre-Sehwarzian such that the Lie dereivatives C^rj, Csp, 
and cl 7] are well-defined. Then 

(A.2) di*° Gf\r]'l’{z) = Gf\ {Av^{z) dt + C„ r]^{z) d''° Bt) . 

2. Let T be a scalar bilinear functional ( fl2.33p holds) such that the Lie derivatives 
C^T, CsT, and cl T are well-defined. Then 

(A.3) (fi^^Gf\r^{z,w) = Gf\ [Ar^{z,w) dt + C^r^{z,w) Bt) . 

This can be proved by the direct calculation but we show a more preferable way, which 
is valid not only for pre-pre-Scwarzians but, for instance, for vector helds, and even more 
generally, for assignments whose transformation rules contain an arbitrary hnite number 
of derivatives at a hnite number of points. To this end let us prove the following lemma. 

Lemma 3. Let X^(t) (i = 1,2,... ,n) be a finite collection of stochastic processes defined 
by the following system of eguations in the Stratonovich form 

(A.4) d^Xi = a\Xt)dt + fifiXfid^Bt, 

for some fixed functions a, fi: R"" —)■ M". Let us define Yf, Zl as the solution to the initial 
value problem 

U = a‘(n). U=0, 

(A.5) ... 

= z» = o, 

in some neighbourhood of s = 0. Let also F:R”—)-C be a twice-differentiable function. 
Then, ltd’s differential of F{Xt) can be written in the following form 

(A.6) = -^FiXt + Ys)dt + ^F{Xt + Zs)d^^^Bt + \^^F{Xt + Zfidt . 

os os 2 0s^ 


Proof. The direct calculation of the right-hand side of flA.bp gives 


f;{X,) (aHX,) + -D'‘(X,)PHX,))dt + F;{X,)l}‘{X,)d'“B, + -F''(Xt)P‘(X,)l3i(X,)dt, 


which is indeed Ito’s differential of F{Xt). We employed summation over repeated indices 
and used the notation FfiX) := -^^F{X). □ 


Proof of Proposition 0 We use the lemma above. Let n = 4, and let us dehne a vector 
valued linear map {■} for an analytic function x{z) as 

(A.7) {^{^)} ■= {Rex(z), Imx(z), Rex'(z), Imx'(z)}. 

For example. 


w := {Gfiz)} = {ReGt(z), ImG,(z), ReGt'(z), ImG,'(z)}. 
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From fl2.9p we have 

a(X,) = {S*(Gf(z))}, P(X,) = {a*(G}-(z))}. 

Let also 

F(A',) =F{[G*'(z)})-G:\if(z)^ 

=’l*(Gt(z)) + iz\ogGt'(z) + ij.’logGt'(z). 


Then 


n = {Hs[6fiz) - z}, Z, = {H,[a]^iz) - z} 


due to 02.41) ■ 02.91) . 0A.4p . and 0A.5p . 

Now we can use Lemma [3] in order to obtain 0A.2D for t = 0: 


(A.8) 

But 


d'“Gr‘,’f*(4 = d“F[A',| 


t=0 


t=0 


= (right-hand side of 0A.6P with f = 0 


A 

ds 

d 


F{Xt + Ys) 


5 = 0,£=0 


= Yf({z + H.[6]*(z)-z}) 


= —F{{H.[S]*(z)]) 


s=0 


= §;{«,KV(z) 


s=0 

= CsV^{z). 


s=0 


A similar observation for other terms in 0A.8D implies that 


^it6^-iy(^) =C,rj'l’(z)dt + C^rj'l’{z)d^^°Bt + -Clrj'l^{z)dt = 

t —0 ^ 

= A7f{z)dt + C„ 7f{z) 


For f > 0 we conclude that 


= G^\S^^G-\ 


= d^'° (g 


t-to o G,,y\^iz) = d^*^ G;^\GiX 
= G;\ {Av^{z)dt + r]^{z) d'*° B,) . 


to=t 


The proof of IA.3I is analogous. The only difference is that we do not have the pre- 
pre-Schwarzian terms with the derivatives but there are two points 2 ; and w. We can 
assume 


{x} := {Rex(z), Imx(z), Rex(w), Imx(w)} 


instead of 0A.7p and the remaining part of the proof is the same. 


□ 


We will obtain below the Ito differential of Gl~^^T[f, g] for (5, cr)-SLE 

{Gt} 4 g[o,+oo) and f,g ^T-L. To this end we need the Ito formula for nonlinear functionals 
over B. For linear functionals on the Schwartz space this has been shown in However, 
the authors are not aware of similar results for nonlinear functionals. The following 
propositions are special cases required for this paper. They are consequences of the 
proposition above, the classical Ito formula, and the stochastic Fubini theorem. 


Proposition 7. Under the conditions of Proposition\^ the following holds: 
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1. The ltd differential is interchangeable with the integration overV. Namely, 

d'“ / = 

V)(supp /) 

(A.9) = / Gf\A7]'>’{z)f'f’{z)l{dz)dt+ 

l/)(supp /) 

+ I Gl\C,,f(z)f*(z)l(dz)A"^B,. 

V)(supp /) 

An eguivalent shorter formulation is 

(A.io) d“ arMf] = gF. di.,[/]di + G,-‘, c, ,1/1 d“ B,. 

r/ie ltd differential is interchangeable with the double integration over T>, namely, 


d“ / / G;\r{x,y)f*{x)f*{y)l(dx)l(dy) = 

V’(supp /) ipisuppf) 

= I I G;\AT{x,y)f*(x)f*{y)l{dx)l{dy)dt+ 

ip{supp /) V'Csupp /) 

-h / J G;\C,T{x,y)f*(x)f*{y)t{dx)l{dy)d''°B,. 

ip{suppf) tjjisnpp f) 

An eguivalent shorter formulation is 

d'“ G:\rlf, 9] = Or.ATlf, g] dt + Gr‘. r[f, 9] d“ B,. 


Proof. The relation flA.9p in the integral form becomes 
J G;\g*(z)f*{z)l{dz) =,[/]+ 

i/)(supp /) 

t t 

+ / J G;\Av'^{z)f^{z)l{dz)dT +J J G;\C^v^{z)f^{z)l{dz)S^°B, 

0 Tpisuppf) 0 V'Csupp/) 

The order of the ltd and the Lebesgue integrals can be changed using the stochastic 
Fubini theorem, see, for example [IS]. It is enough now to use flA.2p to obtain flA.9p . 
The proof of lA.lOl is analogous. □ 


Proposition 8. Let 

d>[f] = exp (W[f \). W[f] := irl/. /] + ,[/]. 


Then G[ is an Ho process defined by the integral 

(A.12) 

G/'il/l = 

t 

= J exp {G;\Wlf]) (g;'. a Wlf]dT + G;\ Wlf] d“ + - (Gp, Wlff dr) . 
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Proof. The stochastic process has the integral form 


= y J G;\T*(z,w)f*(z)rHw)l(dz)l(dw)+ J 

V)(supp /) Vlsupp /) Vlsupp /) 

due to Proposition. [71 In terms of the Ito differentials it becomes 

d‘“ G:\W*\f] = G;\A W*\f]dt + G,-‘. W*\f] d“ Bt. 

In order to obtain the exponential function we can just use Ito’s lemma 
d’“G,-'.exp(w^''l/|) =d“exp(G,-',H^*|/]) = 


G^\ti*(z)f*(z)l(dz). 


= exp 


{G;\W*lf]) (G;\AW*lf]dt + Gp. W*lf] d“ B, + i (Gp. £. 


dt 


□ 


Appendix B. Some formulas from stochastic calculus 


We refer to 0 001 . and [ 2 ^ for the dehnitions and properties of the ltd and Stratonovich 
calculus and use the following relation between the ltd and Stratonovich integrals 


F{xt,t)d^ Bt = I F{xt,t)d^^° Bt + - / btdi F{xt,t)dt. 


1 

j btdiF{xt,t)dt = {F{xT),Bt). 


0 0 0 
The latter item can also be expressed in terms of the covariance 

T 

(B.l) 

0 

In order to obtain 02.101) from 02.01) . let us assume 
(B.2) Xt-.= Gt{z), bt\= a{Gt{z)), F{xt,t) \= a{xt) = a{Gt{z)). 

Then 

(B.3) d^F{xt,t) = a\Gt{z)), 

and 

T T T 

(B.4) J a{Gt{z)) d^Bt = J a{Gt{z)) d'*° Bt + ^J a{Gt{z))a'{Gt{z))dt. 


It is enough now to add / 5{Gt{z))dt to both parts to obtain the right-hand sides of the 

_ 0 _ 

integral forms of 02.101) and 02.Op . 

We also use in this paper that 


Bf ;= J A| d'*° = j AJ_P Bt 

0 0 

has the same law as Bf for any monotone and continuously differentiable function 
A: [0,T] —)-[0,T]. In differential form this relation becomes 

. 1 


. 1 


Bi = A| Saj. 


(B.5) 

We need to reformulate relation OB.SP in the Stratonovich form. Let now A satisfy 
(B.6) d® Aj = aidi F b^ d® Bf 
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Bi = I Bi = I d'*° Bt = I d^ Bt - ^(A|, 5aJ = 


. 1 


1 




= J - -(A|,y ApdBf) = J A3 d^B,, --J -XJ’kXj^dt = 




T 

1 


We conclude that 
(B.7) 


d^ Bi = \J d® - -i^di. 


‘ 4 A,~ 
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